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ABSTRACT: COMPLEX MODAL ANALYSIS OF ROTATING MACHINERY

Rotor dynamics is a subset of vibration analysis that deals with the dynamic
characteristics of spinning machines.

The problem is characterized by generally

nonsymmetric system matrices whose elements depend upon the rotor speed.
An approach to complex analysis of rotating systems is described which results in
improved physical understanding of solutions to the eigenvalue problem and stresses
commonality with conventional modal analysis. In the approach, a natural mode of the
rotor is represented as the sum of two sub-modes which are rotating to the forward (i.e.,
with rotor rotation) and backward (i.e., against rotor rotation) directions. This definition
of the natural mode allows complex analysis of free and forced vibration of anisotropic
systems, which had not been reported previously.

The complex mode representation

enables clear definition of the forward mode and the backward mode, and more
importantly enables one to complete the complex rotor analysis procedure.
Concepts are illustrated with a general rigid rotor model and a reduced form
which is a two degree of freedom anisotropic model including gyroscopic effects. In
order to verify the approach, a pendulum-mounted multi-axis force sensor was used as an
impact device to excite the spinning rotor. This enabled measurement of the normal
impact as well as the tangential force component induced by friction. Complex modal
analysis was then applied to clearly distinguish forward and backward modes and
separate them in the frequency domain.
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NOMENCLATURE:

Y , Z = non - rotating Cartesian coordinate system
y(t ), z(t ) = real position of geometric center of rotor station in Y and Z
coordinates
fY (t ), f Z (t ) = real excitation in Y and Z coordinates
Yk , Zk = coefficients of complex Fourier series of y(t ) and z(t )
FY k , FZ k = coefficients of complex Fourier series of fY (t ) and f Z (t )
p(t ) = complex response
g(t ) = complex excitation
Pf , Pb = coefficients of complex Fourier series of p(t )
G f , Gb = coefficients of complex Fourier series of g(t )

[T ] = transformation matrix

s = complex frequency
ω = frequency
ω k = FFT spectral line or frequency bin
λ i = eigenvalue
ri , li = right, left modal vector
Ri , Li = right, left eigenvector
Ω = rotor speed

α = dimensionless rotary inertia ratio:

I polar

Itransverse

Ω p = dimensionless rotor speed parameter
Δ = dimensionless anisotropy parameter
Cij = viscous damping coefficient relating force at i to velocity at j
Kij = stiffness coefficient relating force at i to displacement at j
e = base of the natural logarithms, mass eccentricity (context - dependent)

[ X]+ = pseudoinverse of matrix [X]
j = −1
x = complex conjugate of x
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CHAPTER 1: INTRODUCTION

1.1

Chapter Abstract
This chapter explains the motivation to pursue the complex modal analysis

approach for analysis and testing of rotor systems as well as the overall objectives of the
work. A survey of relevant literature is included, as is a brief preview of the contents of
remaining chapters.
1.2

Motivations of the Work
Most of the important concepts or topics in rotor dynamics are related to classical

vibration theory. For example, natural frequencies, natural modes, and critical speeds are
all found in rotor dynamics as well as in vibration analysis. The major distinction
between rotor dynamics and classical vibration is the effect of rotation, which induces
many unique features such as whirling, forward and backward modes, gyroscopic terms,
non-symmetric equation of motion, and others. The rotation effect also makes
formulation and solution of the system equation, as well as interpretation of the solution,
much more difficult to understand. This difficulty may be understood as “interference
between rotation and harmonic motion”, which needs further explanation as follows.
In vibration analysis, rotating motion is used to describe harmonic motion using
the Euler identity. For example, when the expression f (t ) = F0 e jωt is used to define a force
varying harmonically in time, it implies that one is interested in only the real or
imaginary part of the complex variable; for graphical convenience this concept is
represented in the phasor diagram. In rotor systems two more rotating quantities must be
considered as well: spinning and whirling (i.e., motion of an axial rotor station in the
plane perpendicular to the spin axis) of the rotor. This “interference” creates difficulties
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in describing motions, formulating equations, and generally understanding, interpreting
and visualizing the responses. This is mainly because while rotor spin and whirl are
actually physical “rotation”, harmonic motion as described by the complex exponential in
vibration analysis is not; all of these variables are used in rotor dynamics with the same
mathematical form.
In the complex rotor analysis method advocated in this work the harmonically
vibrating variable is expressed by a complex variable which is in turn composed of two
complex exponentials which rotate in opposite directions. This allows all of the variables
that appear in rotor analysis to represent quantities that actually rotate in a two
dimensional plane. Therefore, this simplifies all analysis procedures in rotor dynamics:
formulation, solution, and interpretation of the equation of motion. It also eliminates
possibilities of confusion or mis-interpretations. Among all the advantages, this is
considered the biggest.
It is noted here that the term “complex mode” in classical vibration typically
refers to a mode for which the modal vector cannot be normalized such that its elements
are all purely real, as results from a system with non-proportional damping. As used here
“complex modal analysis” refers to the application of modal analysis principles to
systems whose inputs and outputs are described by complex variables. This approach has
been shown to have significant advantages in the study of rotor systems but the theory
has not been well received. It is believed that this has been caused by complexities of the
theory itself, very complicated notations adopted by the people who pioneered it (i.e.,
Chong-Won Lee and his collaborators[8-16] ) and most importantly by lack of a definition
of one fundamental concept: the complex natural mode. Despite its many advantages
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these factors have contributed to prevent the method from being used more widely, as
one can see from the fact that virtually all papers adopting this method have been
published by Lee and his students.
This discussion identifies the motivations of this work, and therefore the
contributions gained from it, as follows:
•

Develop an easy-to-use and easy-to-understand analysis procedure for free and forced
vibration problems in rotor dynamics.

•

Develop a firm definition of complex natural modes.

•

Develop concrete understanding of the rotor responses, especially in complex
notation.

•

Develop an experimental frequency response function estimation and modal
identification procedure using the complex analysis concept.

1.3 Literature Survey and Background
Modal analysis concepts have not been applied to rotor systems as extensively as
they have to other structural dynamic systems. Rotor systems force the reconsideration
of some of the basic assumptions applied in modal analysis of other structures. In
particular, rotor systems do not in general obey Maxwell’s reciprocity theorem; system
matrices are nonsymmetric. System matrices also depend upon rotor speed due to the
presence of gyroscopic effects which lead to skew-symmetry in the damping matrix; this
is a linear function of rotor speed. Also, support characteristics are nonsymmetric for
commonly-used bearing types and they vary widely with rotor speed.
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Nordmann[1] examined modal analysis of rotor systems at fixed rotational speed
considering their unique features which lead to a non-self-adjoint eigenvalue problem.
He proposed that a natural mode be described by the free response of the point in the
plane. To enable this, two complex conjugate eigensolutions (i.e., the combination of an
eigenvalue and an eigenvector) were summed to result in a physically meaningful motion
which could be plotted as a planar curve at each rotor station.
Ehrich[2] showed that when natural solutions are presented as Nordmann
proposed, some modes are corotating (i.e., in the same direction as shaft rotation) and
some are counter-rotating. He also represented the equations of motion for a single disk
system in complex form, and assumed the solution form:
γ = γ 0 e jωt

(1.1)

which he termed a “rotational natural mode”. He showed that the eigenvalue with a
positive frequency denoted a corotating mode and the eigenvalue with a negative
frequency denoted a counter-rotating mode. The system that he used for this example
was an isotropic single disk system, though he did not make this clarification.
Muszynska[3] proposed testing to identify forward and backward modes separately
by applying perturbation forces which rotate with and against the rotor spin direction.
The design of the excitation device is a disk attached to the outer race of a rolling element
bearing the inner race of which is fixed to the rotor. On the disk is an arrangement of
springs; moving the end of one spring circumferentially places a unidirectional force on
the rotor. The disk is attached to a variable speed motor through a soft belt so that the
speed and direction of disk rotation is varied independent of the rotor speed. Forward
and backward rotating excitations are thus applied independently.
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Bently, et. al. [4-6] have recently discussed advantages of applying
forward/backward concepts to rotating machinery diagnostics. In particular, rotor motion
is measured in orthogonal directions at the stations of interest. These real signals are
Fourier transformed and added according to the definition of the complex position
variable:
p(t ) = y(t ) + jz(t )

(1.2)

where rotor rotation is from Y toward Z. Fourier coefficients corresponding to positive
exponents in the complex series are forward (i.e., they represent rotation from Y toward
Z) and those corresponding to negative exponents are backward. The magnitude of the
forward response component is plotted on the positive frequency domain and the
magnitude of the backward component is plotted on the negative frequency domain.
Their term for this presentation is the “full spectrum plot”. A recent article[7] explains
basic observations such as the response of the isotropic rotor to mass imbalance
excitation should be purely forward, as indicated by a line on the positive frequency side
at synchronous frequency. The work has not considered excitation sources in general and
has not investigated relationships between excitation and responses or the modal
contributions to these relationships.
Lee, et. al. [8-16] developed complex modal analysis theory and showed it to offer
significant advantages in the study of rotor systems. The main advantage is the ability to
incorporate directionality. In particular, it separates the contributions of forward and
backward modes into different frequency response functions; he termed these directional
frequency response functions (dFRFs) for this reason.
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Separation of the forward and backward modes is significant for several reasons.
The frequency difference between pairs of modes is often small; modal parameters of the
two physically different modes can be difficult to estimate due to overlapping of the
closely spaced modes. Also, the rotor system responds very differently to forward and
backward excitations; this fact is not clear from looking at the conventional FRFs.
Lee algebraically derived the dFRF matrix by transforming the frequency
response matrix of the system formulated with a real variable description. Complex free
vibration analysis, which results in the complex natural modes of the system, was done
only for the case of isotropic rotors. Forced vibration analysis was based upon work by
Nordmann[1] and Lancaster[17] which deals with modal superposition of non-self-adjoint
systems.
Lee[13-16] further developed the theory and extended it to complex modal testing
and recommended several excitation approaches. Two of these forms are not different
than conventional experimental modal analysis in which a force is applied in a certain
line of action and responses are measured along this or other lines of action; the dFRFs
are then algebraically calculated from these measurements. “Unidirectional” excitation
involves exciting the rotor station in a single linear direction at a time and monitoring
orthogonal translations; “bidirectional” stationary excitation is similar with independent
linear excitations applied in two directions simutaneously. Neither of these are different
than conventional modal analysis; one is single-input multi-output and the other is multiinput multi-output. The third approach Lee has defined is called “bidirectional rotating”
excitation and involves synchronizing orthogonal exciters so that a broad-spectrum force
is generated which rotates in a particular direction; this is done by requiring the Z-
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direction force to lead the Y-direction force by 90°. This requires very precise
synchronization of excitations in order to generate forces of the form mechanically
generated on a frequency-by-frequency basis by Muszynska. Each of these approaches
can be implemented in a magnetically-levitated rotor by injecting an excitation current
into the magnetic bearing stator but application to other systems is limited.
In addition to the speed-dependent and non-self-adjoint nature of rotor systems,
there are several practical issues which make modal testing of spinning rotors difficult.
Solving these practical issues was not the objective of this work; experimental
verification of the complex modal analysis concepts developed herein avoided these
issues as much as possible and was a relatively small portion of the effort.
Non-contact response sensors are required to directly measure rotor motion. Two
common choices are eddy-curent proximity sensors (“Bently” probes) and laser
sensors[18]. When shaft position is measured by the probe, the signal includes not only
the motion of the shaft but also surface imperfections of the rotor, typically called
mechanical runout. Probe performance is also affected by local variations in the
electrical characteristics of the rotor target material, called electrical runout. Rogers and
Ewins[19] discussed many of the practical difficulties associated with testing spinning
rotor systems.
An additional consideration is that whenever the rotor is spinning, it is subject to
excitation by mass imbalance, machine processes, and possibly rolling element bearing
surface imperfections, all of which are likely uncharacterized. The measured response to
perturbation includes this baseline response as well as the desired response to the
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perturbation. Signal processing techniques to improve FRF estimates in the presence of
these synchronous excitations have been extensively studied[20-22].
Exciting the rotor is also more difficult due to the fact that it is spinning. One
approach[19] is to mount a stinger to the outer race of a rolling element bearing and use a
controlled electrodynamic exciter. This requires adding a bearing to the rotor which may
not be possible in the field and which may alter its dynamic characteristics. Impacting
the spinning rotor through a stationary flap with a small coefficient of friction has also
been used[20] successfully.
Much of the work in rotor dynamics in recent years has related to magnetic
levitation systems. In this case, the bearing stator provides a convenient non-contact
excitation mechanism[10,16]. An electrical perturbation applied to the stator coil generates
a force perturbation on the rotor. A non-contact electromagnetic exciter applicable to
laboratory rotors has been developed[18] which has an integral piezoelectric force
transducer; this allows applied force to be measured directly as opposed to estimating it
based upon measured current and the assumed invariant transfer function between force
and stator current. These approaches eliminate the unknown tangential excitation due to
friction but are of limited use in field testing.
The fairly recent introduction of the triaxial force transducer enables, at least in
theory, direct measurement of not only the primary impact excitation but also the
tangential component induced by friction. No references were located which discussed
measuring the tangential component of excitation during impact testing of a spinning
rotor.
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Concepts developed to support complex modal analysis led to the development of
a practical complex testing theory which can be applied to rotors installed in the field.
The triaxial force transducer, which is a ring configuration, was fitted with an impact cap
and used as a triaxial impact hammer. Two axes of the sensor were used to measure the
primary force applied to the rotor as well as the tangential component due to friction. A
pendulum was used to control the impact orientation.

1.4 Scope of the Work
This document is organized into chapters which form a logical progression
through the complex modal analysis approach. An overview of the chapter contents
follows.
In Chapter 2 some fundamental concepts of rotor dynamics are discussed in order
to prepare the reader for future chapters. The most basic rotor system possible, named
the Jeffcott rotor after its original developer, is used to discuss rotor whirl, natural
frequencies and modes, mass imbalance response, and critical speeds. The anisotropic
variant of the model is used to introduce the fact that anisotropic rotors are capable of a
mass imbalance response which is backward (i.e., counter to the direction of rotor spin).
A commonly-used plot which shows typical variation of natural frequencies with rotor
speed as well as intersections with lines of asynchronous excitation frequency which
indicate critical speeds, known as the RPM spectral map or Campbell diagram, is
introduced. Also, typical analyses in modern rotor dynamics are briefly discussed.
In Chapter 3 the method for complex free vibration analysis of the general
anisotropic rotor is established. The purpose of the chapter is to establish the most
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fundamental concepts of complex rotor analysis. Natural modes (i.e., frequencies, mode
shapes and directions) of general anisotropic rotors are concretely established. At first,
describing planar motions with a complex variable is explained as a basic concept. The
complex matrix equation of motion is derived by applying a transformation matrix to the
real equation of motion. The most important achievements of the work, the definition of
the complex natural mode and the solution method to obtain it, are presented.
Interpretations of the physical significance of the complex description of these modes is
explained. This allows definition of the directivity of modes and establishes the concept
of forward modes and backward modes, which has been used for a long time by many
researchers without clear definition.
In Chapter 4 the complex method is extended to the forced vibration problem.
Forced vibration analysis is conducted based on the mode superposition method, using
the complex natural modes which were defined in Chapter 3. Input-output relations are
considered in terms of frequency response functions (FRFs) for the general anisotropic
rotor in complex notation. Because of the directivity of natural modes built into the
complex description, the FRFs are identified with directivity relations which makes them
“directional FRFs” (dFRFs). Directional FRFs are newly defined in this work as the
relation between forward and backward excitations and forces. The modal contributions
to these relations are explained.
In Chapter 5 experimental identification of complex natural modes of rotors is
established. Again, definitions of the complex modes and dFRFs made in Chapters 3 and
4 are effectively used. Methods to excite the system, measure the responses and extract
the modes are explained and developed. The procedure is implemented in a test rig. The
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importance of experimental verification of the theory is recognized but this was not the
main objective of this work. Therefore, the experimental set-up is a simple impact test
using a multi-axis impact hammer.
Throughout this work, the rigid rotor is used as the model to develop the theory
and related concepts. The rigid rotor is chosen for two main reasons:
•

The analytic solution is available in closed form.

•

It is the simplest rotor model which includes the gyroscopic effect, which is
considered one of the unique characteristics of general rotors (as compared to
the classic Jeffcott rotor).

Equations of motion of the 4 degree of freedom (DOF) rigid body rotor are derived in
Appendix A. When the rotor has symmetric geometry it is recognized that the
antisymmetric motion (“pitch” type motion) of the rotor represents 2 DOF gyroscopic
rotor motion, and is the simplest analytical case of such motion.
Chapter 6 provides a summary and conclusions drawn from this work. Main
achievements are briefly summarized and necessary future works based on the foundation
laid by this work are identified. They are:
•

Extension of the theory to the analysis of asymmetric rotors (i.e., those which are not
axisymmetric).

•

Application of the theory to practical rotor systems for analysis, particularly on-line
monitoring and control problems.

•

Extension of the work to include more realistic bearing models, such as hydraulic
bearings, rolling element bearings riding on squeeze film dampers and actively
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controlled magnetic bearings. The last type is discussed as a useful non-contact
excitation mechanism.
•

Refining experimental and on-line monitoring techniques in hardware, software and
algorithims related to signal processing.

•

Application of the complex analysis approach to continuous systems, particularly
applying forward and backward descriptions to rotating shell vibration.
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CHAPTER 2: OVERVIEW OF FUNDAMENTAL CONCEPTS OF ROTOR
DYNAMICS

2.1 Chapter Abstract
A brief overview of the study of rotor dynamics is presented in this chapter.
Classic simple models are introduced and used to explain fundamental concepts. The
need for directivity in rotor analysis is illustrated by examining the mass imbalance
response of the anisotropic Jeffcott rotor; this illustration motivates the work presented in
Chapter 3. Current industrial practices in this area are very briefly summarized.
2.2 The Rotor as a Vibrating System
A rotor system can be considered a vibrating system in the classical sense. It is
represented by a system of equations which relates excitations and responses, where
responses of interest are motions of the geometric center of the shaft. Excitations can be
due to rotating mass imbalance, aerodynamic or hydrodynamic loading due to process
flows, gravity, or many other sources. The homogeneous solution determines the
system’s natural frequencies and mode shapes. A resonance condition exists when the
frequency of excitation due to any source coincides with a natural frequency.
The rotating system has several unique features compared to other vibrating
systems due to its rotation. Mass imbalance provides excitation which is present
whenever the rotor spins; for this reason mass imbalance is sometimes considered an
integral part of the analysis as opposed to an excitation term. The tendency of a rotor
disk’s angular momentum, or the momentum of the rotor itself, to couple with rotations
about the bearing axis is called the “gyroscopic effect” and causes natural frequencies to
vary with rotor speed.
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In the following sections, the so-called Jeffcott rotor model, the simplest rotor
system, is used to explain some basic concepts and terminologies of rotor dynamics
which will be used in this work.

2.3 Jeffcott Rotor on Isotropic Supports
Some of the basic features of rotor dynamic analysis can be presented with the
Jeffcott rotor[2,8,23-25] model which dates to 1919 and was the first to explain why a rotor
experiences large lateral vibration at a certain speed and why the rotor could safely
operate above this speed. It consists of a single disk rotor, the disk of which has a mass
imbalance and is attached to a massless elastic shaft at mid-span. Supports are ideally
rigid with frictionless bearings. The two degrees of freedom are translations in the plane
of the disk. The geometry is illustrated in Figure 2.1:

Figure 2.1: Jeffcott Rotor Geometry[8]
Variables in the figure are defined as follows:
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Y , Z = stationary coordinate axes
P = geometric center of disk
G = center of gravity of disk
O = intersection point of bearing axis with disk
Ω = rotational speed of shaft (assumed constant)
y(t ), z (t ) = position of geometric center of disk
φ = angle by which disk displacement lags imbalance force

For constant Ω, the position of point P is governed by:
my&&(t ) + cy&(t ) + ky(t ) = meΩ 2 cos Ωt

(2.1a)

mz&&(t ) + cz&(t ) + kz(t ) = meΩ 2 sin Ωt

(2.1b)

where the disk mass is m, the shaft stiffness in the Y and Z coordinate directions is k, and
viscous damping (provided by the ambient environment) is represented by c.
Equations (2.1) can be represented by one equation using the complex variable
r(t) [1,2,8,23-25]:
r (t ) = y(t ) + jz(t )

(2.2)

This allows Equations (2.1) to be combined to result in:
mr&&(t ) + cr&(t ) + kr (t ) = meΩ 2 e jΩt

(2.3)

where the forcing function is the centrifugal force generated by the eccentric disk rotating
about the shaft elastic axis. This form results from applying Euler’s identity to the Y and
Z force components.
The context in which this equation is presented in the texts is important: it is a
convenient way to algebraically combine the two equations. Functions y(t) and z(t) are of
interest and they can be retrieved as the real or imaginary parts of the complex whirl
radius, respectively. The algebraic equality of the two forms is easily shown.
Conceptually, this forms the basis for the use of complex variables for the rotor dynamics
applications.
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The solution of the homogeneous version of Equation (2.3) can be obtained by
assuming r(t ) = P0 e λt , which results in the two eigenvalues of the system:

(

)

λ 1,2 = −ζ ± j 1 − ζ 2 ω n

(2.4)

where:
ωn =

k
c
;ζ =
m
2 mk

(2.5)

The eigenvalue with a positive (negative) imaginary part represents forward (backward)
rotation of the shaft. The signs of the eigenvalues can be related to so-called forward and
backward modes; however, related discussions are delayed to later chapters. In fact,
forward or backward modes, even though used very often in rotor dynamics, have not
been a clearly defined concept. In Chapter 3, the definition of the rotor’s forward and
backward modes is established by considering a gyroscopic rotor on anisotropic supports.
A rotor speed such that Ω = ω n results in resonance and is called a mass
imbalance critical speed, or synchronous critical speed. The Jeffcott rotor is isotropic
meaning that the rotor and the stator, i.e. the support system, are both axisymmetric and
key issues to be related later in this work are not apparent in the deceptively simple
solution.
The response of the Jeffcott rotor to mass imbalance parallels response
characteristics of non-rotating systems. Response of the Jeffcott rotor system of Equation
(2.3) is:
⎞ jΩt
⎛
meΩ 2
r (t ) = ⎜
⎟e
2
⎝ k − mΩ + cjΩ ⎠

(2.6)

At low speeds the system response is dominated by stiffness and the rotation of the heavy
spot of the disk tends to pull the geometric center of the shaft radially outward; the rotor
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whirls in a circular pattern nearly in phase with the disk’s heavy spot. At high
frequencies (well above the natural frequency) the response is dominated by the disk’s
inertia and the response is such that the rotor whirls around its center of gravity. At the
natural frequency, the response magnitude is determined by the level of viscous damping
and a 90° phase lag exists between the vectors orienting the disk heavy spot and
response. For the isotropic system, each of these responses is circular as indicated by the
dotted trace in the left portion of Figure 2.1.

2.4 Jeffcott Rotor on Anisotropic Supports
If supports are anisotropic ( kY ≠ k Z ) in the Jeffcott rotor of Figure 2.1 the
undamped equations of motion can be written in real form as:
my&&(t ) + kY y(t ) = meΩ 2 cos Ωt

(2.7a)

mz&&(t ) + k Z z(t ) = meΩ 2 sin Ωt

(2.7b)

or in the complex form as:
mr&&(t ) + kr (t ) + Δkr (t ) = meΩ 2 e jΩt

(2.8)

kY + k Z
k − kZ
; Δk = Y
>0
2
2

(2.9)

where:
k=

and the overbar denotes the complex conjugate. Two eigenvalues can be obtained from
the homogeneous form of the real Equations (2.7) as:
λ 1,2 = ± jω nY

(2.10a)

λ 3, 4 = ± jω nZ

(2.10b)

where:
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ω nY = +

kY
k
; ω nZ = + Z
m
m

(2.11)

However, information in the form of Equation (2.11) is very insufficient due to the
following reasons:
•

As will become evident in later chapters, the motion corresponding to a single natural
frequency does not occur. The natural motion, i.e. mode, always occurs as a
combination of sub-modes associated with positive and negative natural frequencies
of the same magnitude.

•

In conventional vibration analysis, natural modes are obtained by substituting the
natural frequencies back to the equation of motion; in the above case, substituting
Equations (2.10a) and (2.10b) into homogeneous forms of Equations (2.7a) and
(2.7b). However, full information on natural modes of rotors is not obtained by
doing so. Therefore, directivity must be incorporated into the natural mode
description as will be shown in Chapter 3 in order to describe the full characteristics
of natural modes.

The need for directivity in defining natural modes becomes evident if one assumes the
standard harmonic solution form r(t ) = P0 e λt and substitutes into the complex equation of
motion in Equation (2.8). One immediately finds that the complex exponential on the left
does not divide out to give an eigenvalue problem in λ. As the physical implication,
which will be explained more in detail later, natural modes have to be of the form:
r = R1e λt + R2 e λt

(2.12)
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The steady state mass imbalance response can be obtained from Equation (2.8)
using the method of undetermined coefficients and assuming the response is elliptical as
described by the form:
r (t ) = Pf e jΩt + Pb e − jΩt

(2.13)

Substituting r(t) from Equation (2.13) and its complex conjugate into Equation (2.8)
results in:

[ (

)] (

)

m − Ω 2 Pf e jΩt + Pb e − jΩt + k Pf e jΩt + Pb e − jΩt +

(

)

Δk Pf e − jΩt + Pb e jΩt = meΩ 2 e jΩt + 0e − jΩt

(2.14)

From which two equations are extracted which correspond to the positive and negative
exponentials:

( k − mΩ ) P
2

f

+ ΔkPb = meΩ 2

(2.15)

and

( k − mΩ ) P + ΔkP

=0

2

b

f

(2.16)

The complex conjugate of Equation (2.16) can be combined with Equation (2.15):
⎤ ⎧ Pf ⎫ ⎧meΩ 2 ⎫
⎬
⎥⎨ ⎬ = ⎨
k − mΩ 2 ⎦ ⎩ Pb ⎭ ⎩ 0 ⎭

⎡k − mΩ 2
⎢
⎣ Δk

Δk

(2.17)

or,
⎧ Pf ⎫ ⎡k − mΩ 2
⎨ ⎬=⎢
⎩ Pb ⎭ ⎣ Δk

−1

Δk ⎤ ⎧meΩ 2 ⎫
⎬
⎥ ⎨
k − mΩ 2 ⎦ ⎩ 0 ⎭

(2.18)

The magnitude of the forward and backward rotating components for this simple case
are:
Pf
e

=

(ω
2( ω

2
nY
2
nY

)

+ ω 2nZ − 2Ω 2 Ω 2

)(

2
− Ω 2 ω nZ
− Ω2

(2.19)

)
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and

(

)

ω 2nY − ω 2nZ Ω 2
Pb
=
e
2 ω 2nY − Ω 2 ω 2nZ − Ω 2

(

)(

(2.20)

)

In this way, forward and backward rotating components of the response can be calculated
for each Ω. Figure 2.2 shows the ratio of forward and backward response strengths as a
function of rotor speed for a typical system with a disk mass of unity and KZ=0.25KY.
Obviously, the magnitude of the response of the undamped system is unbounded at
speeds corresponding frequencies ωnZ and ωnY. It is also known that equal response
strengths for each component would make the whirl orbit a straight line at those speeds.
This is expected since the mass imbalance force is composed of simultaneous excitations
in the Y and Z directions; at Ω=ωnZ the Z response dominates so that motion is linear in
the Z direction (i.e, unbounded Z response and finite Y response) and at Ω=ωnY the Y
response dominates so that motion is linear in the Y direction. In general, the ratio
becomes non-zero and non-unity which makes the whirl orbit an elliptical shape. It is
also interesting that the orbit becomes purely circular, in the backward direction, at one
speed between ωnY and ωnZ. If ωnY =ωnZ (i.e., the system becomes isotropic) it is easily
seen that the backward response in Equation (2.20) disappears; therefore, the motion is
always in the forward direction along a circular orbit.
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Figure 2.2: Anisotropic Flexible Rotor Mass Imbalance Response
At frequencies below ωnZ the response is forward elliptical as indicated by the
magnitude ratio exceeding unity. At natural frequencies ωnZ and ωnY the response
collapses to a line (i.e., equal magnitudes) as expected from the uncoupled real solution.
Between ωnZ and ωnY the response is backward elliptical and it becomes backward
circular at the point where the curve touches the abscissa indicating zero forward
component magnitude. Above ωnY, the response becomes forward elliptical and
approaches forward circular in the limit as speed increases.
Dynamically, the Jeffcott rotor and its anisotropic variant are not different than a
bar subjected to rotating excitation. In particular, they do not demonstrate the effect of
gyroscopic coupling since the model does not possess rotational degrees of freedom in
any direction except the rotor spin direction. Gyroscopic coupling leads to skewsymmetric terms in the damping matrix which vary linearly with rotor speed. This tends
to separate zero-speed repeated natural frequencies as speed increases. Therefore, one
can consider that the gyroscopic effect is what truly separates rotors from other vibrating
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systems. Figure 2.3 illustrates variation of the eigenvalues with rotor speed for a typical
rigid rotor on soft supports. Motion of the rigid rotor is described by four second order
degrees of freedom, so that the homogeneous solution of the governing equations has
eight eigenvalues. Two of the natural modes are described by the rotor bouncing on the
springs; these are repeated due to symmetry. The other two modes are described by a
pitching motion; this rotation about axes perpendicular to the spin axis couples with the
rotor angular momentum to cause variation of the natural frequencies with rotor speed.
When the problem is modeled using real variables the eigenvalues occur in complex
conjugate pairs as shown in the figure.

Imaginary Part of Eigenvalue (rad/sec)

Natural Frequency vs. Rotor Speed: Isotropic Rigid Rotor
600
400
200

repeated

0
repeated

-200
-400
-600
0

50

100 150 200 250
Rotor Speed (rad/sec)

300

Figure 2.3: Typical Variation of Natural Frequency with Rotor Speed

2.5 Synchronous and Asynchronous Critical Speeds
A synchronous critical speed of the rotor is when the system natural frequency
matches with the rotor’s spinning velocity. The large response of the rotor excited by
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mass imbalance can be considered to be the forward synchronous response. The rotor
may operate at a speed much higher than the critical speed as long as it is not operated in
the vicinity of the critical speeds. Obviously, operation of the rotor at any of the natural
frequencies of the forward modes, which will be solidly defined in Chapter 3, must be
avoided. For this reason, natural frequencies of the rotor as well as the directivity of the
modes associated with these frequencies, must be found accurately; the latter has not
been well defined so far.
Sometimes, excitations other than synchronous mass imbalance are of interest.
Asynchronous excitations are characterized by the form:
ω = nΩ

(2.21)

and may arise due to ball bearing surface imperfections, gravity, or others. For example,
n in Equation (2.21) becomes the number of balls in case of a ball bearing which has a
defective retainer, 2 in case of the gravity loading, and approximately 0.49 in the case of
oil whip. The concepts of critical speed, speed-dependent natural frequencies, and
asynchronous excitation are combined in a plot commonly referred to as the Campbell
diagram or the “RPM spectral map”. The abscissa is rotor speed and the ordinate is
frequency; natural frequencies are plotted as a function of rotor speed. Lines of various
slopes are also plotted which represent various values of the parameter n of Equation
(2.21). Figure 2.4 shows an example of such a graph for the pitch modes of the
anisotropic rigid rotor, where Ωp represents rotor speed:
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Figure 2.4: Modified Campbell Diagram
Notice that Figure 2.4 is not the common Campbell diagram which includes no directivity
concept. Intersections of the n=1 line with natural frequency curves indicate mass
imbalance critical speeds. The diagram shown in Figure 2.4 is modified to include the
directivity of the modes and the strength of the sub-modes, which will be explained in
detail in Chapter 3. In the figure, frequencies of weak sub-modes are plotted in a dashed
line. In this way, possible false conclusions are eliminated. For example, a designer may
try to avoid a false critical speed such as the intersection of the synchronous ( ω = Ω p )
speed and the natural frequency of a backward sub-mode, indicated as Ωpa in the figure,
the response of which is much weaker than a forward sub-mode.
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2.6 Typical Issues in Modern Rotor Dynamics
In current industry practice rotors are modeled using finite element analysis.
Each bearing support is described by eight coefficients which may be a function of rotor
speed:
⎡ K YY (Ω) K YZ (Ω)⎤ ⎧ y(t )⎫ ⎡CYY (Ω) CYZ (Ω)⎤ ⎧ y&(t )⎫
⎧ fY ( t ) ⎫
= −⎢
⎨
⎬
⎬− ⎢
⎬
⎥⎨
⎥⎨
⎣ K ZY (Ω) K ZZ (Ω)⎦ ⎩ z(t ) ⎭ ⎣CZY (Ω) CZZ (Ω)⎦ ⎩ z&(t ) ⎭
⎩ f Z (t )⎭ bearing

(2.22)

Support systems which are not well-described by these coefficients, such as magnetic
bearings, are approximated. Magnetic support characteristics are frequency-dependent as
opposed to rotor speed dependent; rotor dynamic codes do not currently support their
analysis. “Effective” stiffness and damping characteristics are estimated during the
controls analysis and provided as input to the rotor analysis.
Rotor stability is of fundamental concern. Hydrodynamic (i.e., journal) bearings
are characterized by cross-coupled stiffness terms which can either add to or subtract
from the damping provided by external sources. Also, magnetic bearing systems can
provide phase lead in their force over rotor position transfer function (corresponding to
positive damping which acts to remove energy from the vibrating system) only over a
finite frequency range; above this range they become an excitation source or a source of
effectively negative damping.
Typical analysis also includes generation of the RPM spectral map (Campbell
diagram) to determine the critical speeds for expected forcing functions. Mode shapes
(which are also speed-dependent in general) are examined to assure that bearings are not
located at nodal points which would prevent their damping properties from being
realized.
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Since the rotor system can be represented in state space similarly to any other
vibrating system, the forced response can be simulated easily with software tools such as
MATLAB®1. The distinction is that system parameters depend upon the rotor speed,
therefore not only forced responses but also the natural frequencies and modes have to be
calculated at each rotational speed of the rotor, perhaps repeating the calculation while
incrementing the speed of the rotor. Lee proposed a method to use the Lambda Matrix
method which allows solution of the eigenvalue problem and forced response solution in
a manner analogous to other classical vibration problems[8]. The method is indeed
ingenuous, however at the cost of mathematical complications. With the advent of
powerful and inexpensive modern computers direct analysis at each frequency, even at
hundreds of frequencies, seems to no longer be a major issue.
The objective of machinery diagnostics is to infer the condition of installed
machinery by passive observation of whirl orbits over time. Rotors of interest are often
applied in processes which run continuously and down time for testing and inspection is
simply not available. Whirl orbits, obtained from orthogonally mounted proximity
sensors at key rotor stations, and the frequency content of these signals provide operating
information from which some limited information on bearing condition or the presence of
rotor damage (e.g., cracks induced by material fatigue) can be detected. The difficulty
with using such observations is that excitations are uncharacterized, variable, and from
many sources.
This chapter has provided a brief overview of some fundamental concepts in rotor
dynamics in order to give the reader a necessary foundation for later chapters.

1

MATLAB is a registered trademark of The MathWorks, Inc.
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CHAPTER 3: COMPLEX FREE VIBRATION OF GENERAL ROTOR SYSTEMS
3.1 Chapter Abstract
The objective of this chapter is to present the complex analysis method for the
free vibration of general anisotropic rotors. The approach developed in this work
represents the natural mode of the rotor as the sum of two sub-modes, one that rotates in
the forward direction and the other in the backward direction. It is shown that the
complex mode has to be described as such to satisfy the complex equation of motion of
general rotor systems. Physical interpretation of results from the analysis of a model of
the anti-symmetric motion of the rigid rotor shows that the complex mode contains modal
directivity information as well as the conventional modal information. Proposed
representation of the complex mode enables one to make clear definition of the forward
mode and the backward mode, and more importantly enables one to complete the
complex rotor analysis procedure.
3.2 Introduction
Dimentberg[25], Childs[23], Vance[24], Lee[8], and others have applied an assumed
response form for the mass imbalance response of single disk rotors which includes
independent forward and backward response components. Especially, Lee, et. al.,[9-16]
pioneered the complex analysis method for general rotor dynamics taking advantage of
the fact that a complex description conveys both magnitude and directionality, and
demonstrated advantages of the method over real analysis. However, the complex natural
mode has not been defined or understood enough to be applied to general anisotropic
rotor systems. In this work, a new concept of the “complex natural mode” is introduced.
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The new concept is that a natural mode of the rotor is considered to be composed of the
sum of a forward rotating sub-mode and a backward rotating sub-mode. While the
complex analysis method has many significant advantages, it has not been widely used by
researchers in the rotor dynamics community, which may have been caused by the lack of
solid definition and understanding of the complex natural mode.
The definition of the complex natural mode and corresponding analysis technique
proposed in this work allow conventional modal analysis procedures to be applied to
rotor systems with one additional, important advantage: modal directivity information.
The definition allows forced vibration analysis of rotors, and also experimental modal
analysis, to be done based on the complex description and complex modes in a manner
completely analogous to conventional real modal analysis.
3.3 Complex Description of Planar Motions
A vector moving in a plane can be represented by a single complex variable as
shown in Figure 3.1, with real and imaginary parts representing vector components in
two orthogonal directions. The position of point P along an arbitrary path in the YZ plane
at time t is identified by the complex variable p(t):
p( t ) = y( t ) + jz( t )

(3.1)

where, j = −1 .
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Figure 3.3: Planar Motion of Point P

The transformation between the real and complex representations is:
⎧ y( t ) ⎫ 1 ⎡ 1 1⎤ ⎧ p( t ) ⎫
⎨
⎬= ⎢
⎬
⎥⎨
⎩ z( t ) ⎭ 2 ⎣ − j j ⎦ ⎩ p ( t ) ⎭

(3.2)

Expanding y(t) and z(t) by their complex Fourier series results in:
p(t ) = y(t ) + jz(t ) =
=
=

∑ {(Yk e jω t + Yk e − jω t ) + j( Z k e jω t + Z k e − jω t )}
∞

k

k

k

k

k =0
∞

∑ {(Yk + jZ k )e jω t + (Yk + jZ k )e − jω t }
k

k

(3.3)

k =0
∞

∑ { Pf e + jω t + Pb e − jω t }
k

k =0

k

k

k

Equation (3.3) indicates that each harmonic component representing arbitrary plane
motion can be considered to be composed of two independent components: one rotating
forward and one rotating backward. Two important observations are emphasized here:
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•

With the complex description, now e jωt is not just a complex variable but is a vector
which is actually rotating in the physical two dimensional space. A linear harmonic
motion in non-rotating vibration analysis is a special case whose forward and
backward rotating components have the same amplitudes, i.e. Pfk = Pbk ; k = 0,1,2,..., ∞ .

•

A real variable such as y(t), which defines linear motion along the Y axis in Figure
3.1, can be considered a special case in which components are such that
Yk = Yk , Zk = Zk = 0; k = 0,1,2,..., ∞ .

The above thought that led to Equation (3.3) suggests that the complex description of
natural modes of rotors, obviously being planar motions, must also be composed of two
sub-modes: one rotating forward and one rotating backward.

3.4 Complex Formulation of the Problem
Dynamics of the general rotor system can be represented by the standard
equations for vibrating lumped-mass systems:
[ M ]{&x&} + [C ]{x&} + [ K ]{x} = { f }

(3.4)

⎧ f ⎫
y ⎫
where the vector of displacements { x} = ⎧⎨{ }⎬ and the excitation is { f } = ⎨{ Y }⎬ . The
⎩{ z} ⎭

⎩{ f Z }⎭

length of {y} and {z} vectors is n; they define motion in a plane orthogonal to the bearing
axis at each of n rotor stations. Coefficient matrices are speed-dependent and in general
nonsymmetric due to bearing properties and the gyroscopic effect.
The relationship between real and complex descriptions of shaft position as
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discussed previously can be generalized and considered a transformation defined by the
matrix [T]:

and

I ( n) ⎤
1 ⎡ I ( n)
[T ] = ⎢
2 ⎣− jI ( n) jI ( n) ⎥⎦

(3.5)

⎧{ p}⎫
⎧{y}⎫
⎨ ⎬ = [ T ]⎨ ⎬
⎩{ z} ⎭
⎩{ p}⎭

(3.6)

where I(n) denotes an n x n identity matrix. Complex governing equations result from
substituting Equation (3.6) into Equation (3.4) and premultiplying by [ T ] −1 :

p}⎫
⎧{ &&
⎧{ p& }⎫
⎧{ p}⎫ ⎧{g} ⎫
[ T ] −1[ M ][ T ]⎨ &&p ⎬ + [ T ] −1[ C][ T ]⎨ p& ⎬ + [ T ] −1[ K ][ T ]⎨ ⎬ = ⎨ ⎬
⎩{ p}⎭ ⎩{g }⎭
⎩{ } ⎭
⎩{ } ⎭

(3.7)

where the complex excitation vector is:

or,

⎧{g} ⎫
−1 ⎧{ fY }⎫
⎨ ⎬ = [T ] ⎨
⎬
⎩{g }⎭
⎩{ fY }⎭

(3.8)

⎧{g} ⎫ ⎧{ fY } + j{ f Z }⎫
⎨ ⎬=⎨
⎬
⎩{g }⎭ ⎩{ fY } − j{ f Z }⎭

(3.9)

It is this transformation of the vector of excitations from the real form to the complex
form that motivates premultiplication by [ T ] −1 ; the purpose is not to decouple the
governing equations as is often done using the orthogonality properties of modal vectors.
Representing Equation (3.7) as:
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p⎫
⎧ &&

⎧ p& ⎫

⎧ p⎫ ⎧g ⎫

⎩ ⎭

⎩ ⎭

⎩ ⎭ ⎩ ⎭

[ Mc ]⎨ &&p ⎬ + [Cc ]⎨ p& ⎬ + [ Kc ]⎨ p ⎬ = ⎨g ⎬

(3.10)

uses the subscript c to emphasize that this formulation is based upon complex variables.
3.5 Free Vibration Analysis in Complex Description

For homogeneous problems the excitation vector is zero:
⎧{g} ⎫ ⎧{ 0} ⎫
⎨ ⎬=⎨ ⎬
⎩{g }⎭ ⎩{ 0} ⎭

(3.11)

The natural mode is assumed to be of the form in Equation (3.12), where the real part of
the complex frequency s is zero since system damping is not considered in this
discussion:
p(t ) = Pf e st + Pb e st = Pf e jωt + Pb e − jωt

(3.12)

This is a very important definition. It makes complex natural mode analysis of the
anisotropic rotor possible, thus enabling complete complex analysis of the general rotor
system. Indeed, a function of the form shown in Equation (3.12) is the only form that can
satisfy the homogeneous complex equation of motion of anisotropic rotors. Notice that
Equation (3.12) implies that each natural mode is composed of two sub-modes: one
rotating in the positive (forward) direction and the other in the negative (backward)
direction.
Substituting Equation (3.12) into Equation (3.10) and grouping e st terms and e st
terms results in:
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⎧⎪s 2 Pf e st + s 2 Pb e st ⎫⎪
⎧⎪sPf e st + sPb e st ⎫⎪
⎧⎪ Pf e st + Pb e st ⎫⎪ ⎧{0}⎫
M
C
K
+
+
[ c ]⎨s 2 P e st + s 2 P e st ⎬ [ c ]⎨sP e st + sP e st ⎬ [ c ]⎨P e st + P e st ⎬ = ⎨{0}⎬
⎪⎩
⎪⎭
⎪⎩ f
⎪⎭
⎪⎩ f
⎪⎭ ⎩ ⎭
f
b
b
b

(3.13)

This equation should be closely examined; it is satisfied only if coefficients of e st terms
and e st terms are independently zero. Thus, two equations result from Equation (3.13):

[s 2 [ Mc ] + s[Cc ] + [ Kc ]]⎧⎨⎩ Pbf ⎫⎬⎭ = ⎧⎨⎩0⎫⎬⎭

(3.14)

[s 2 [ Mc ] + s[Cc ] + [ Kc ]]⎧⎨⎩PPbf ⎫⎬⎭ = ⎧⎨⎩0⎫⎬⎭

(3.15)

P

and

0

0

These equations are not complex conjugates since coefficient matrices are complex.
However, it can be shown that they carry the same information, therefore only one of
them must be solved.
EXAMPLE: 2 Degree of Freedom Anisotropic Rotor
As an example, consider the undamped gyroscopic motion of a simple anisotropic
rotor as derived in Appendix A:
y⎫ ⎡ 0
⎧&&
⎨ ⎬ + ⎢− Ω
z⎭ ⎣ p
⎩&&

Ω p ⎤ ⎧ y& ⎫ ⎡1 + Δ
0 ⎤ ⎧ y ⎫ ⎧0 ⎫
+⎢
⎨ ⎬=⎨ ⎬
⎨
⎬
⎥
0 ⎦ ⎩ z& ⎭ ⎣ 0
1 − Δ ⎥⎦ ⎩ z ⎭ ⎩0 ⎭

(3.16)

where Ωp is nondimensional rotor speed including the ratio of polar to transverse rotary
inertia and Δ is nondimensional anisotropy. It should be noted that a general damping
matrix (i.e., the matrix which multiplies the vector of derivatives) can be decomposed
into symmetric and skew-symmetric parts. The skew-symmetric matrix does not affect
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system stability (i.e., the real parts of the eigenvalues). The symmetric part of the matrix
is assumed to be null, leading to purely imaginary eigenvalues as indicated in Equation
(3.12).
Equation (3.16) is the simplest rotor equation that includes the gyroscopic effect.
The equation represents the anti-symmetric motion of the geometrically symmetric rigid
body rotor shown in Figure 3.2. Notice that the coordinate system is a body-fixed nonrotating system which translates with the rotor. The motion is commonly referred to as
“pitch”.
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Figure 3.2: Anti-Symmetric Motion of Symmetric Rigid Rotor

The complex version of Equation (3.16) is obtained with the transformation matrix [T]:
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p⎫
⎧ &&
⎩ p⎭

⎡ 0

[T ]−1[T ]⎨ && ⎬ + [T ]−1 ⎢−Ω
⎣

p

Ω p ⎤ ⎧ p& ⎫
0 ⎤ ⎧ p ⎫ ⎧0 ⎫
−1 ⎡1 + Δ
T ]⎨ & ⎬ + [T ] ⎢
[
[T ]⎨ ⎬ = ⎨ ⎬
⎥
0 ⎦ ⎩ p⎭
1 − Δ ⎥⎦ ⎩ p ⎭ ⎩0 ⎭
⎣ 0

(3.17)

It becomes:
p ⎫ ⎡ − jΩ p
⎧ &&
⎨ && ⎬ + ⎢ 0
⎩ p⎭ ⎣

0 ⎤ ⎧ p& ⎫ ⎡ 1 Δ ⎤ ⎧ p ⎫ ⎧0 ⎫
+
=
jΩ p ⎥⎦ ⎨⎩ p& ⎬⎭ ⎢⎣ Δ 1 ⎥⎦ ⎨⎩ p ⎬⎭ ⎨⎩0 ⎬⎭

(3.18)

As discussed, the assumed solution form is:
p( t ) = Pf e jωt + Pb e − jωt

(3.19)

Substituting Equation (3.19) into Equation (3.18) results in:
⎡ −ω 2 + ωΩ p + 1
⎤ ⎧ Pf ⎫ jωt
Δ
⎢
⎥ ⎨ ⎬e +
2
Δ
−ω − ωΩ p + 1⎥⎦ ⎩ Pb ⎭
⎢⎣
⎡−ω 2 + ωΩ p + 1
⎤ ⎧ Pf ⎫ − jωt
Δ
=0
⎢
⎥ ⎨ ⎬e
2
Δ
−ω − ωΩ p + 1⎥⎦ ⎩ Pb ⎭
⎢⎣

(3.20)

As one can see, two equations are obtained:
⎡−ω 2 + ωΩ p + 1
⎤ ⎧ Pf ⎫ ⎧0 ⎫
Δ
⎢
⎥⎨ ⎬ = ⎨ ⎬
2
Δ
−ω − ωΩ p + 1⎥⎦ ⎩ Pb ⎭ ⎩0 ⎭
⎢⎣

(3.21)

⎡−ω 2 + ωΩ p + 1
⎤ ⎧ Pf ⎫ ⎧0 ⎫
Δ
⎢
⎥⎨ ⎬ = ⎨ ⎬
2
Δ
−ω − ωΩ p + 1⎥⎦ ⎩ Pb ⎭ ⎩0 ⎭
⎢⎣

(3.22)

and

Because the system is undamped in this case, the coefficient matrix becomes real and the
two equations become essentially the same.

40

The characteristic equation of Equation (3.21) is:

(1 − ω 2 )

2

− ω 2 Ω 2p − Δ2 = 0

(3.23)

or:

(

)

ω 4 − 2 + Ω 2p ω 2 + 1 − Δ2 = 0

(3.24)

The four roots are obtained as natural frequencies:

ω 1,2,3, 4 = ±

2 + Ω 2p
2

2

⎛ 2 + Ω 2p ⎞
⎟ − 1 + Δ2
± ⎜⎜
⎟
2
⎠
⎝

(3.25)

From Equation (3.21), natural modes corresponding to the characteristic values are:
Δ
⎫
⎧
⎧ Pf ⎫ ⎧ Pf ⎫ ⎪−
⎪
2
=
=
ω
ω
Ω
1
−
+
+
⎨ ⎬ ⎨ ⎬ ⎨
⎬
i
i p
P
P
⎩ b ⎭i ⎩ b ⎭ i ⎪
⎪⎭
1
⎩

(3.26)

where the modal vectors are real.
Isotropic Case
First consider the isotropic (Δ=0) case. From Equation (3.21):
⎡−ω 2 + ωΩ p + 1
⎤ ⎧ Pf ⎫ ⎧0 ⎫
0
⎥⎨ ⎬ = ⎨ ⎬
⎢
2
0
−ω − ωΩ p + 1⎦⎥ ⎩ Pb ⎭ ⎩0 ⎭
⎢⎣

(3.27)

The characteristic equation is:

(−ω 2 − ωΩ p + 1)(−ω 2 + ωΩ p + 1) = 0
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(3.28)

From which four characteristic values are found as natural frequencies:

ω 1,2 = −

Ωp

⎛ Ωp ⎞
± ⎜
⎟ +1
⎝ 2 ⎠
2
2

(3.29)

and

ω 3, 4 =

Ωp

⎛ Ωp ⎞
± ⎜
⎟ +1
⎝ 2 ⎠
2
2

(3.30)

Natural modes can be obtained by evaluating Equation (3.27) at these frequencies.
For ω1,2:

(−ω i2 + ω i Ω p + 1 ≠ 0)Pf + 0 Pb = 0 ; i = 1,2
0 Pf + ( −ω i2 − ω i Ω p + 1 = 0) Pb = 0

(3.31)

so that the modal vector is of the form:
⎧ Pf ⎫
⎧ Pf ⎫
⎧0 ⎫
⎨ ⎬ =⎨ ⎬ =⎨ ⎬
⎩ Pb ⎭1,2 ⎩ Pb ⎭1,2 ⎩1 ⎭

(3.32)

and the corresponding homogeneous solutions from Equation (3.19) are:
p1 ( t ) = 1e − jω 1t ; ω 1 > 0

(3.33)

p2 ( t ) = 1e − jω 2t ; ω 2 < 0

Natural modes corresponding to ω3,4 are found from:

(

)

0 Pf + −ω i2 − ω i Ω p + 1 ≠ 0 Pb = 0 ; i = 3,4
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(3.34)

and are of the form:
⎧ Pf ⎫
⎧ Pf ⎫
⎧1 ⎫
⎨ ⎬ =⎨ ⎬ =⎨ ⎬
⎩ Pb ⎭3,4 ⎩ Pb ⎭3,4 ⎩0 ⎭

(3.35)

Corresponding homogeneous solutions are:
p3 ( t ) = 1e jω 3t ; ω 3 > 0 ; ω 3 = ω 2

(3.36)

p4 ( t ) = 1e jω 4t ; ω 4 < 0 ; ω 4 = ω 1

Physically, solutions p1(t)and p4(t) represent a mode which is characterized by backward
conical whirl as shown in Figure 3.3:

station 2
p1 ( t ) , p4 ( t )

Ωp

station 1

Figure 3.3: Backward Conical Whirl Mode

Solutions p2(t) and p3(t) represent a mode characterized by forward conical whirl as
shown in Figure 3.4.
Natural frequencies ω1,2,3,4 in Equations (3.29) and (3.30) are plotted as functions
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of the nondimensional rotor speed in Figure 3.5. If one considers the sign of natural
frequencies together with the implied direction of the natural modes as defined in
Equation (3.19), one can visualize the actual rotating shape of the mode as depicted in the

station 2
p2 ( t ) , p3 ( t )

Ωp

station 1

Figure 3.4: Forward Conical Whirl Mode

figure, where the direction of the mode is shown as viewed from station 1.
Natural Frequencies vs. Ω p
4

Natural Frequency

3
p3 ( t )

2

p1 ( t )

1
0

p4 ( t )

-1
p2 ( t )

-2
-3
-4

0

1

2

3

4

Ωp

denotes forward conical whirling

denotes backward conical whirling

Figure 3.5: Homogeneous Solutions vs. Nondimensional Rotor Speed (Δ=0)
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From the figure, one realizes that p2(t) and p3(t) represent the same mode, as do p1(t) and
p4(t). Therefore, there are only two unique natural modes of the isotropic rotor.

Allowing the algebraic sign of the frequency to denote direction (i.e., letting +ω
represent the forward mode and -ω the backward mode), the natural modes are
represented by two curves as shown in Figure 3.6. Presenting the solutions in this way
exploits the ability of the complex representation to indicate direction as well as
frequency.
Natural Frequencies vs. Ω p
4

Natural Frequency

3
p 2 ( t ) , p3 ( t )

2
1
0

p1 ( t ) , p4 ( t )

-1
-2
-3
-4

0

1

2

3

4

Ωp
Figure 3.6: Two Natural Modes of Isotropic Rotor (Δ=0)

From Figure 3.6 it is clear that there are two independent modes, one forward and one
backward.
Rotating mass imbalance is an excitation source which is purely in the forward
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direction. A critical speed is generally defined to be a rotating speed at which the
magnitude of the response to mass imbalance is a local maximum. It is known[8] that
there will be no synchronous (1-x excitation) critical speed associated with the pitch
(conical) mode for values of the inertia ratio α≥1, where α =

Ipolar

Itransverse . The

normalization used in the model includes this ratio in the nondimensional rotor speed, so
that lines in the Campbell diagram of Figure 3.7 are based upon both rotor speed and
inertia ratio. The synchronous α=1 line is shown as a reference. As the rotor geometry
approaches a thin disk α→2, and as the rotor becomes a long narrow stick α→0. The
effect of these geometric changes is a rotation of this reference line as Figure 3.7 shows:
Natural Frequencies vs. Ω p
4
α→0

Natural Frequency

3

α =1

2
α→2

1
0
-1
-2
-3
-4

0

1

2

3

4

Ωp
Figure 3.7: Nondimensional Campbell Diagram of the Isotropic Rotor (Δ=0)

The value α=1 is a geometric threshold above which a synchronous critical speed of the
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conical mode will not be observed.
For the α=1 rotor, an intersection of twice-synchronous (2-x) excitation with the
curve on the positive frequency side (i.e., the curve defining the forward mode natural
frequency) indicates a forward mode critical speed, as may exist due to gravity excitation
of an orthotropic rotor[23] or other 2-x supersynchronous excitation.
Figure 3.7 can be generalized to consider asynchronous (i.e., an arbitrary real
multiple of rotor speed) excitation. The parameter determining whether a critical speed
of the conical mode will be observed for an excitation of the form:
g( t ) = G f e jnΩt

(3.37)

is the product nα, where n can have positive or negative values. Figure 3.8 illustrates the
concept for three positive values of this product, which indicate forward mode critical
speeds. Corresponding lines could be drawn on the negative frequency side to indicate
backward mode critical speeds.
Anisotropic Case
Now consider the anisotropic case (Δ≠0). There are four natural frequencies
defined by Equation (3.25):

ω1 =

2 + Ω 2p
2

2

⎛ 2 + Ω 2p ⎞
⎟ − 1 + Δ2 = −ω 2
+ ⎜⎜
⎟
2
⎝
⎠
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(3.38)

Natural Frequencies vs. Ω p
4

nα = 0.5

nα = 1

Natural Frequency

3
2

nα = 2

1
0
-1
-2
-3
-4

0

1

2

3

4

Ωp
Figure 3.8: Nondimensional Campbell Diagram of the Isotropic Rotor (Δ=0)

and

ω3 =

2 + Ω 2p
2

2

⎛ 2 + Ω 2p ⎞
⎟ − 1 + Δ2 = −ω 4
− ⎜⎜
⎟
2
⎝
⎠

(3.39)

The natural mode is found for each characteristic value from Equation (3.21):
1
⎫
⎧ Pf ⎫ ⎧⎪
⎪
Δ
=
⎨ ⎬ ⎨ 2
⎬
P
⎩ b ⎭i ⎪⎩ω i + ω i Ω p − 1 ⎪⎭

(3.40)

Consider the case Δ=0.1, Ωp=0.9 as a numerical example. The natural frequencies are:
ω 1 = 1.5482 = −ω 2
ω 3 = 0.6427 = −ω 4

(3.41)

Natural modes for ω1,2 are:
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⎧ Pf ⎫ ⎧ 1 ⎫
1.5482 jt
+ 0.0354e −1.5482 jt
⎨ ⎬ =⎨
⎬ ⇒ p1 (t ) = 1e
P
⎩ b ⎭1 ⎩0.0354 ⎭

(3.42)

⎧ Pf ⎫
⎧0.0354 ⎫
−1.5482 jt
+ 1e1.5482 jt
⎨ ⎬ =⎨
⎬ ⇒ p2 (t ) = 0.0354e
⎩ Pb ⎭ 2 ⎩ 1 ⎭

(3.43)

and

so that p1(t) and p2(t) represent the same mode which is characterized by a forward
elliptical whirl orbit. Natural modes for ω3,4 are:
⎧ Pf ⎫
⎧−0.0858⎫
0.6427 jt
+ 1e −0.6427 jt
⎨ ⎬ =⎨
⎬ ⇒ p3 (t ) = −0.0858e
P
1
⎭
⎩ b ⎭3 ⎩

(3.44)

⎧ Pf ⎫
⎧ 1 ⎫
−0.6427 jt
− 0.0858e 0.6427 jt
⎨ ⎬ =⎨
⎬ ⇒ p4 (t ) = 1e
P
0
.
0858
−
⎭
⎩ b ⎭4 ⎩

(3.45)

Solutions p3(t) and p4(t) represent the same mode which is characterized by a backward
elliptical whirl orbit.
One pair of natural frequencies which have the same magnitude but opposite signs
are necessary to completely define one natural mode as seen in the expressions in
Equation sets (3.42),(3.43) and (3.44),(3.45). Notice that the strengths of the two
opposite rotating components are markedly different.
Figure 3.9 shows the natural frequencies as functions of the nondimensional rotor
speed:
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Natural Frequencies vs. Ω p
4

ω1

Natural Frequency

3
2
1+ Δ

1

1− Δ

ω3

− 1− Δ

ω4

0
-1
− 1+ Δ

-2

ω2

-3
-4

0

1

2

3

4

Ωp
Figure 3.9: Nondimensional Campbell Diagram (Δ≠0)

Figure 3.9 does not accurately depict the physical situation and may lead to confusion; in
particular, the fact that the sub-modes are of very different strengths is not shown. Figure
3.10 includes this information (it is assumed that α=1). The intersection shown as Point
a in Figure 3.10 illustrates that a 1-x critical speed exists for the anisotropic rotor;

however, this intersection is with the weak sub-mode component of the backward mode.
At the frequency Ωpa the response of the system to mass imbalance excitation will take
the form of the modal vector. I.e.,
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Natural Frequencies vs. Ω p
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(

ω1

3
Natural Frequency

p1 ( t )

2x

2

1x ω =Ω p

)

Ωp

Z

b

1
0

p3 ( t )

ω3

a

Ω pa

Z

−ω 3

-1

Y

Ωp

strong

-2
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−ω 1

-3
-4

Y

0

1

2

3

4

Ωp
Figure 3.10: Homogeneous Physical Solutions vs. Nondimensional Rotor Speed
(Δ≠0)

jω t
− j ω3 t ⎞
⎟
p3 ( t ) = β ⎜⎛⎝ ε 3e 3 + 1e
⎠

where

ε3 =

Δ

ω 32

+ ω 3Ω p − 1

(3.46)

<< 1

(3.47)

and in an actual system the the scale factor β is determined by the level of excitation and
damping. Since the synchronous frequency line intersects the weak sub-mode curve, the
critical speed response is not expected to be as large as the forward critical speed case.
Point b represents an intersection between the strong sub-mode component of the
forward mode and the 2-x line. If a significant 2-x excitation were present a relatively
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severe critical response would be expected at this point.
3.6 Results / Conclusions

Basic theory for free vibration analysis of general anisotropic rotor systems by
the complex description has been presented. Interpretation of the complex representation
of planar motion, formulation of the equation of motion, solution of the free vibration
equation, natural frequencies and complex natural modes were explained. Most
importantly, it was proposed that complex natural modes should be expressed using two
sub-components: a forward rotating component and a backward rotating component. It
was shown that assuming such a form is the only way to satisfy the complex free
vibration equation. The resulting complex mode description carries not only the
frequency and amplitude information but also the direction of the motion.
One benefit of the concept of complex modes is the clear definition of forward
and backward modes made possible by the physical interpretation of the homogeneous
solution, the complex modal vector and natural frequency. Using an anisotropic rotor
system as an example, it was shown that the forward (backward) mode can be defined as
the mode whose forward (backward) sub-mode is stronger than its backward (forward)
sub-mode. Physically the forward (backward) mode represents an elliptic whirl motion
rotating forward (backward).
The definition of complex modes and the complex formulation method proposed
in this work enable all existing techniques and procedures in classical modal analysis
theory to be utilized for rotor analysis. For example, experimental analysis for mode
identification and forced vibration analysis by the modal superposition theory can be
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implemented in the complex description for general rotor systems exactly the same way
as it has been done in the real analysis of non-rotating structures.
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CHAPTER 4: COMPLEX ANALYSIS OF ROTOR FORCED VIBRATION
4.1 Chapter Abstract

An approach to complex modal analysis of rotating systems is described which
results in improved physical understanding of eigensolutions and stresses commonality
with conventional modal analysis. In the approach, a natural mode of the rotor is
represented as the sum of two sub-modes which are rotating to the forward and backward
directions. This definition of the natural mode leads to some interesting insights into the
procedure of the complex analysis of free and forced vibration problems of rotating
systems, and interesting results. It is shown that the proposed method is the generalized
version of classical modal analysis. For clarity, concepts are illustrated with simulated
results of a general rigid rotor and a two degree of freedom anisotropic rotor model with
gyroscopic effects.

4.2 Introduction

The purpose of this chapter is to present a complex modal analysis method for
general rotor systems, where “complex” refers to a complex variable representation of
system excitation and response. Complex modal analysis is a very powerful tool to aid
in understanding the dynamic behavior of rotor systems because it implicitly incorporates
rotation and directionality.
Ehrich[2] and Lee[8] have discussed the representation of general elliptical motion
by complex variables representing forward and backward rotating components. Laws [7]
has recently discussed applying this interpretation in the diagnostics of rotating
machinery.
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Lee, et. al., [9-16] have developed, verified, and applied complex modal analysis
and testing theories, the derivation of which is based upon a transformation of the real
frequency response matrix. The transformed matrix thus relates complex signals.
This work complements that of Lee, et. al., by presenting a complex modal
analysis approach based upon relations between the rotating components of complex
excitation and response signals as opposed to the complex signals themselves. The
development follows a classical vibration approach and stresses physical interpretations.

4.3 Complex Description of Natural Modes of Rotating Systems

As shown in Chapter 3, a two-dimensional vector can be represented by a single
complex variable as shown in Figure 4.1, where real and imaginary parts represent vector
components in two orthogonal directions.
IM

p( t )

z(t)

RE

y(t)

Figure 4.4: Planar Motion of Point P

The position of the point P along an arbitrary path in the YZ plane at any time t is
identified by the complex variable p(t):
p(t ) = y(t ) + jz(t )

(4.1)

The transformation between the real and complex representations is:
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⎧ y(t )⎫ 1 ⎡ 1 1⎤ ⎧ p(t ) ⎫
⎨
⎬= ⎢
⎬
⎥⎨
⎩ z(t ) ⎭ 2 ⎣− j j ⎦ ⎩ p ( t )⎭

(4.2)

where p(t ) is the complex conjugate of p(t). Expanding y(t) and z(t) by their complex
Fourier series results in:
p(t ) = y(t ) + jz(t )
=
=
=

∑ {(Yk e jω t + Yk e − jω t ) + j ( Zk e jω t + Zk e − jω t )}
∞

k

k

k

k

k =0
∞

∑ {(Yk + jZk )e jω t + (Yk + jZk )e − jω t }
k

k

(4.3)

k =0
∞

∑ { Pf e + jω t + Pb e − jω t }
k

k =0

k

k

k

Equation (4.3) indicates that each harmonic component representing any arbitrary planar
motion can be considered to be composed of one forward rotating component and one
backward rotating component. Two important observations that evoked the main ideas in
this chapter are emphasized here:

•

With the complex description, now e jωt is not just a complex variable but is a vector
which is actually rotating in the physical two dimensional space. A linear harmonic
motion in non-rotating vibration analysis is a special case whose forward and
backward rotating components have the same amplitudes.

•

The form in Equation (4.3) suggests that natural modes of rotors also may be
described as a combination of two sub-modes; one rotating forward and the other
rotating backward.

4.4 Formulation of Eigenvalue Problem

The equation of motion of a linear rotor system of n-stations is represented by:
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y} ⎫
⎧{ y} ⎫ ⎧{ f }⎫
⎧{ y&} ⎫
⎧{ &&
[ M ]⎨ ⎬ + [C]⎨ ⎬ + [ K ]⎨ ⎬ = ⎨ Y ⎬
z}⎭
⎩{z} ⎭ ⎩{ f Z }⎭
⎩{z&} ⎭
⎩{&&

(4.4)

where {{y},{z}} is a 2n by 1 vector representing the planar motion of the center of the
shaft at n stations. Coefficient matrices depend on the rotating speed.
The relationship between the real and complex displacement variables in Equation
(4.2) can be generalized by the following transformation:
⎧{ p} ⎫
⎧{ y} ⎫
⎨ ⎬ = [T ]⎨
⎬
⎩{z} ⎭
⎩{ p} ⎭

(4.5)

I ( n) ⎤
1 ⎡ I ( n)
[T ] = ⎢
⎥
2 ⎣ − jI ( n) jI ( n)⎦

(4.6)

where,

and I(n) denotes the identity matrix of size n. The complex formulation of the governing
equations results from substituting Equation (4.5) into Equation (4.4) and pre-multiplying
by [ T ] −1 :
p} ⎪⎫
⎧{ p} ⎫ ⎧{ g} ⎫
⎪⎧{ p& } ⎪⎫
⎪⎧{ &&
[T ]−1[ M ][T ]⎨ &&p ⎬ + [T ]−1[C][T ]⎨ p& ⎬ + [T ]−1[ K ][T ]⎨ ⎬ = ⎨ ⎬
⎪⎩{ }⎪⎭
⎪⎩{ }⎪⎭
⎩{ p} ⎭ ⎩{ g } ⎭

(4.7)

Premultiplication by [ T ] −1 transforms the real representation of the excitation vector to
the complex representation. For free vibration analysis, the complex force vector

{{ g}, { g}} of Equation (4.7) is zero.
p} ⎫
⎧{ &&

Equation (4.7) is shortened:

⎧{ p& } ⎫

⎧{ p} ⎫

⎧{0}⎫

⎩

⎩

⎩

[ Mc ]⎪⎨⎪{ &&p}⎪⎬⎪ + [Cc ]⎪⎨⎪{ p& }⎪⎬⎪ + [ Kc ]⎨{ p} ⎬ = ⎨{0}⎬
⎩

⎭

⎭

⎭

⎭

(4.8)

where the subscript c in the transformed matrices Mc , Cc , and Kc of Equation (4.8)
emphasizes that the matrices are complex. From previous discussion it is very natural to
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assume the natural mode for the undamped system (i.e., neglecting the symmetric portion
of the matrix C of Equation (4.4)) is of the form:
p(t ) = Pf e jωt + Pb e − jωt

(4.9)

or, with s = jω :
p(t ) = Pf e st + Pb e st

(4.10)

where p(t), Pf, and Pb are each vectors of length n. Substitution results in:
⎧⎪s 2 Pf e st + s 2 Pb e st ⎫⎪
⎧⎪sPf e st + sPb e st ⎫⎪
⎧⎪ Pf e st + Pb e st ⎫⎪ ⎧{0}⎫
M
C
K
+
+
[ c ]⎨s 2 P e st + s 2 P e st ⎬ [ c ]⎨sP e st + sP e st ⎬ [ c ]⎨P e st + P e st ⎬ = ⎨{0}⎬
⎪⎩
⎪⎭
⎪⎩ f
⎪⎭
⎪⎩ f
⎪⎭ ⎩ ⎭
f
b
b
b

(4.11)

Equation (4.11) is satisfied if and only if e st terms and e st terms become zero
respectively, which results in two characteristic equations:

[s 2 [ Mc ] + s[Cc ] + [ Kc ]]⎧⎨⎩ Pbf ⎫⎬⎭ = ⎧⎨⎩0⎫⎬⎭

(4.12)

[s 2 [ Mc ] + s[Cc ] + [ Kc ]]⎧⎨⎩PPbf ⎫⎬⎭ = ⎧⎨⎩0⎫⎬⎭

(4.13)

P

0

and
0

Natural mode solutions obtained from the two equations represent the same physical
information. Notice that Equations (4.12) and (4.13) are not conjugate forms of each
other.
One can formulate the problem as a generalized eigenvalue problem in state
space:

⎡ [ 0]
⎢
⎣[ Mc ]

⎧⎧{ &&
p}⎫⎫
⎧⎧{ p& }⎫⎫ ⎧⎧{ 0} ⎫⎫
⎪⎨ && ⎬⎪
⎪
⎪
[ Mc ]⎤⎪⎩ p ⎭⎪ = ⎡[ Mc ] [ 0] ⎤⎪⎨⎩ p& ⎬⎭⎪ + ⎪⎪⎨⎩{0} ⎬⎭⎪⎪
[Cc ] ⎥⎦⎨⎪⎧{ p&}⎫⎬⎪ ⎢⎣ [ 0] −[ Kc ]⎥⎦⎨⎪⎧{ p}⎫⎬⎪ ⎨⎪⎧⎨{0} ⎫⎬⎬⎪
⎪⎨ p& ⎬⎪
⎪⎨⎩{ p}⎬⎭⎪ ⎪⎩⎩{ 0} ⎭⎪⎭
⎭
⎩
⎩⎩ ⎭⎭

{ }

{ }

{ }
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(4.14)

Substitution and retaining the problem in s results in:
⎡ ⎡ [0]
⎢s ⎢
⎢⎣ ⎣[ Mc ]

[ Mc ]⎤ − ⎡[ Mc ]
⎥ ⎢
Cc ⎦ ⎣ [0]

⎧ ⎧ Pf ⎫⎫
s
[0] ⎤⎤ ⎪⎪ ⎨⎩ Pb ⎬⎭⎪⎪
⎬ = {0}
⎥⎥ ⎨
−[ K c ]⎦ ⎥⎦ ⎪ ⎧ Pf ⎫ ⎪
⎨ ⎬
⎪⎩ ⎩ Pb ⎭ ⎪⎭

(4.15)

which is recognized as the generalized eigenvalue problem of the form:

[s[ A] − [ B]]{ X} = {0}

(4.16)

The lower half of the eigenvector contains the modal vector which together with the
eigenvalue λi, i.e. that value of s resulting in a zero determinate of [ s[ A] − [ B]] , describes
the natural modes.

4.5 Interpretation of Eigensolutions by Example

Consider a rigid rotor on soft flexible supports. Motion is completely described
by translations at each of two stations. Governing equations, geometric definitions, and
specific parameters are given in Appendix A.
Eigensolutions of the rigid rotor are described by the eigenvalue λi and the
corresponding modal vector of the form:
⎧ Pf 1 ⎫
⎪P ⎪
⎪ f2⎪
⎨ ⎬
⎪ Pb1 ⎪
⎪⎩ Pb 2 ⎪⎭
i

(4.17)

where element Pf 1 is the relative amplitude and phase of the forward rotating sub-mode at
station 1, Pf 2 is the amplitude and phase of the forward rotating sub-mode at station 2,
Pb1 is the complex conjugate of the amplitude and phase of the backward rotating sub-

mode at station 1, and Pb2 is the complex conjugate of the amplitude and phase of the
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backward rotating sub-mode at station 2. Here, the forward (backward) direction is
defined as the same (opposite) direction as the rotor spin.
Eigensolutions of the isotropic rigid rotor are:
Backward
Bounce

Forward
Bounce

Backward
Pitch

λ
(rad/sec)

-.47+123.2j -.47+123.2j -5.7+416.8j
0
1
0
Pf 2
0
1
0
Pb1
1
0
1
Pb2
1
0
-1
Table 4.1: Isotropic Rigid Rotor Eigensolutions
Pf 1

The modes in Table 4.1 are illustrated in Figure 4.2:

Figure 4.2: Natural Modes of Isotropic Rigid Rotor
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Forward
Pitch
-6.2+456.9j
1
-1
0
0

When supports are anisotropic ( KYYi ≠ K ZZi ; i = 1,2 ), the eigensolutions become:
Backward
Bounce

Forward
Bounce

Backward
Pitch

λ
(rad/sec)

-.47+116.9j -.47+123.2j
-5.7+402.7j
1
1
-.27+.0033j
Pf 2
1
1
.27-.0033j
Pb1
-1
1
1
Pb2
-1
1
-1
Table 4.2: Anisotropic Rigid Rotor Eigensolutions
Pf 1

Forward
Pitch
-6.2+448.6j
1
-1
.25-.003j
-.25+.003j

It is considered necessary to define forward modes and backward modes as defined
herein. The forward mode is defined as the mode whose forward direction sub-mode has
larger amplitude than the backward direction sub-mode. The backward mode is defined
accordingly. The mode shapes in Table 4.2 are illustrated in Figure 4.3:

Figure 4.3: Natural Modes of Anisotropic Rigid Rotor

In this case, the natural solution for the bounce modes is motion along a line. The real
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description would result in uncoupled Y-direction and Z-direction modes. The same
physical solution is found with complex analysis.
Geometric simplifications as described in Appendix A for the symmetric rotor
pitch mode result in the reduced set of equations:
p ⎫ ⎡− jΩ p
⎧ &&
⎬+ ⎢
⎨ &&
⎩p ⎭ ⎣ 0

0 ⎤ ⎧ p& ⎫ ⎡ 1 Δ ⎤ ⎧ p ⎫ ⎧0 ⎫
=
+
jΩ p ⎥⎦ ⎨⎩ p& ⎬⎭ ⎢⎣ Δ 1 ⎥⎦ ⎨⎩ p ⎬⎭ ⎨⎩0 ⎬⎭

(4.18)

Natural frequencies and modes are obtained by assuming that:
p(t ) = Pf e st + Pb e st

(4.19)

Figure 4.4 illustrates the form of the modal vector as a function of the anisotropic
parameter Δ for the value of Ω p = 0.1 . Shown are the ratio Pb P for the forward mode
f
and

Pf
Pb

for the backward mode:

Figure 4.4: Mode Shapes of Symmetric Rigid Rotor Pitch Modes as Function
of Δ
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The figure indicates that as the system becomes isotropic the forward mode becomes
purely forward (no backward sub-mode component) and the backward mode purely
backward. Since all four eigenvalues will be obtained in real analysis without the
concept of the sub-modes and their strengths, this will be viewed as the number of natural
frequencies of a system with infinitesimal anisotropy which is twice as many as those of
its isotropic version. This situation was discussed as a paradox by Lee[11].

4.6 Discussion

Physical interpretation of eigensolutions follows from the assumed solution form.
Elements of the modal vector indicate the relative magnitude of forward and backward
rotating components of the natural response at each station. Directivity of the mode is
immediately apparent from noting which terms of the modal vector are of dominant
magnitude. For the isotropic system one of these terms becomes zero. Not considering
rotational degrees of freedom, the n-station rotor has 2n modes whether the system is
isotropic or anisotropic.
The rigid rotor has two stations so it has two sets of modes. Bounce modes are
lower in frequency and characterized by motion in which the rotor revolves around the
bearing axis with stations 1 and 2 in phase. Pitch modes, which separate in frequency
with shaft speed due to gyroscopic coupling, are characterized by similar motion with
stations 1 and 2 out of phase.
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4.7 dFRFs Obtained by Forced Response Analysis Using Mode Superposition
Method

Limiting discussion to harmonic excitations, the complex excitation g(t)
acting on the n-station rotor is represented as:
g(t ) = fY (t ) + jf Z (t )

(

) (

= FY e jωt + FY e − jωt + j FZ e jωt + FZ e − jωt
= Gf e

jωt

+ Gb e

)

(4.20)

− jωt

where g(t), Gf, and Gb are each vectors of length n. The response will be:
p(t ) = Pf e jωt + Pb e − jωt

(4.21)

Substituting Equations (4.20) and (4.21) into Equation (4.8) leads to:

[−ω 2 [ Mc ] + jω[Cc ] + [ Kc ]]⎧⎨⎩ Pbf ⎫⎬⎭ = [ B(ω )]⎧⎨⎩ Pbf ⎫⎬⎭ = ⎧⎨⎩Gbf ⎫⎬⎭

(4.22)

⎧ Pf ⎫
⎧G f ⎫ ⎡ H gp (ω ) H gp
$ (ω )⎤ ⎧G f ⎫
−1 ⎧G f ⎫
⎨ ⎬ = [ B(ω )] ⎨ ⎬ = [ H (ω )]⎨ ⎬ = ⎢ H (ω H (ω ⎥ ⎨ ⎬
)⎥⎦ ⎩ Gb ⎭
$$
gp
⎩ Pb ⎭
⎩ Gb ⎭
⎩ Gb ⎭ ⎢⎣ gp$ )

(4.23)

P

P

G

or,

The matrix H is called the directional frequency response matrix (dFRM) and its
elements, nxn partitions in general which relate the forward and backward rotating
components of excitation and response, are the dFRFs. Functions H gp and Hgp
$ $ are
called “normal” dFRFs because they relate excitations and responses in the same
direction; H gp
$ and Hgp$ relate excitations and responses which are in opposite directions
and are called “reverse” dFRFs.
Equation (4.22) cannot be decoupled into modal equations directly because
orthogonality among natural modes does not exist since the system matrix is not
symmetric. However, the modal superposition method, completely analogous to that for
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non-self-adjoint real systems, can be conducted if the state space form of Equation (4.22)
is used:
⎡ [0]
s⎢
⎣[ Mc ]

⎧ ⎧ Pf ⎫⎫ ⎧ ⎧0 ⎫ ⎫
⎧ ⎧ Pf ⎫⎫
s ⎨ ⎬⎪
s
⎪
[ Mc ]⎤⎪ ⎩ Pb ⎭⎪ = ⎡[ Mc ] [0] ⎤⎪⎪ ⎨⎩ Pb ⎬⎭⎪⎪ + ⎪⎪ ⎨⎩0⎬⎭ ⎪⎪
[Cc ] ⎥⎦⎨⎪ ⎧⎨Pf ⎫⎬ ⎬⎪ ⎢⎣ [0] −[ Kc ]⎥⎦⎨⎪ ⎧⎨Pf ⎫⎬ ⎬⎪ ⎨⎪⎧⎨G f ⎫⎬⎬⎪
⎪⎩ ⎩ Pb ⎭ ⎪⎭ ⎪⎩⎩ Gb ⎭⎪⎭
⎪⎩ ⎩ Pb ⎭ ⎪⎭

(4.24)

or,
⎧ ⎧ Pf ⎫⎫
⎪s ⎨ P ⎬⎪ ⎧ {0} ⎫
[s[ A] − [ B]]⎪⎨ ⎧⎩Pfb⎫⎭⎪⎬ = ⎪⎨⎧⎨G f ⎫⎬⎪⎬
⎪ ⎨ ⎬ ⎪ ⎪⎩ Gb ⎭⎪
⎭
⎪⎩ ⎩ Pb ⎭ ⎪⎭ ⎩

(4.25)

The forced response is:
⎧ ⎧ Pf ⎫⎫
⎧ {0} ⎫
⎪s ⎨ P ⎬⎪
⎪ ⎩ b ⎭⎪
−1 ⎪ G ⎪
⎨ P ⎬ = [ s[ A] − [ B]] ⎨⎧ f ⎫⎬
⎪⎨⎩ Gb ⎬⎭⎪
⎪ ⎧⎨ f ⎫⎬ ⎪
⎩
⎭
⎪⎩ ⎩ Pb ⎭ ⎪⎭

(4.26)

System dynamics are contained in the inverted matrix which can be expanded[17] in terms
of the appropriately-scaled right and left eigenvectors of Equation (4.16):
⎧λ i ri ⎫⎧λ i li ⎫
T
4n
4 n ⎨ r ⎬⎨ l ⎬
RL
[s[ A] − [ B]]−1 = ∑ s −i λi = ∑ ⎩ i s⎭−⎩λ i ⎭
i
i i =1
i =1
⎡λ2i ri liT λ i ri liT ⎤
⎥
4n ⎢λ r l T
ri liT ⎥⎦
⎢⎣ i i i
=∑
s − λi
i =1

T

(4.27)

where right and left eigenvectors associated with eigenvalue λi are:
⎧λ i ri ⎫
⎧λ i li ⎫
Ri = ⎨
⎬ and Li = ⎨
⎬
⎩ ri ⎭
⎩ li ⎭

(4.28)

and right and left modal vectors are of the form:
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⎧P ⎫

⎧L ⎫

{r}i = ⎨ f ⎬ and {l}i = ⎨ f ⎬
P
L
⎩

b ⎭i

⎩

b

(4.29)

⎭i

Provided s ≠ λ i , the harmonic response is:
T
2 T
⎧ ⎧ Pf ⎫⎫ ⎡ ⎡λ i ri li λ i ri li ⎤ ⎤
⎢
⎥ ⎥ ⎧ {0} ⎫
⎢
s
T
⎪ ⎨ P ⎬⎪
ri liT ⎥⎦ ⎥ ⎪
⎪
⎪ ⎩ b ⎭⎪ ⎢ 4 n ⎢⎣ λ i ri li
⎨⎧G f ⎫⎬
⎨ P ⎬ = ⎢∑
⎥
⎧
⎫
⎨
⎬
−
λ
s
i
⎪ ⎨ f ⎬ ⎪ ⎢i =1
⎥ ⎪⎩⎩ Gb ⎭⎪⎭
⎪⎩ ⎩ Pb ⎭ ⎪⎭ ⎢
⎥
⎣
⎦

(4.30)

4n 2 T
⎡ 4 n λ i ri liT ⎤ ⎧G f ⎫⎫
⎧ ⎧ Pf ⎫⎫ ⎧⎡ λ i ri li ⎤
⎪
+
0
{
}
⎢
⎥
⎢∑
⎥ ⎨ ⎬⎪
∑
⎪s ⎨ P ⎬⎪
⎪ ⎩ b ⎭⎪ ⎪⎢⎣i =1 s − λ i ⎥⎦
⎢⎣i =1 s − λ i ⎥⎦ ⎩ Gb ⎭⎪
⎬
⎨ P ⎬ = ⎨ 4n
T
4n
ri liT ⎤ ⎧G f ⎫ ⎪
⎪ ⎧⎨ f ⎫⎬ ⎪ ⎪ ⎡ λ i ri li ⎤ 0 + ⎡
⎪⎩ ⎩ Pb ⎭ ⎪⎭ ⎪ ⎢∑ s − λ ⎥{ } ⎢∑ s − λ ⎥ ⎨ Gb ⎬ ⎪
⎭⎭
i ⎥⎦
i ⎥⎦ ⎩
⎢⎣i =1
⎩ ⎢⎣i =1
⎧⎡ 4 n λ r l T ⎤ ⎧G f ⎫⎫
⎪ ⎢∑ i i i ⎥ ⎨ ⎬⎪
⎪⎢ s − λ i ⎥⎦ ⎩ Gb ⎭⎪
= ⎨⎣i =1
⎬
4n
ri liT ⎤ ⎧G f ⎫ ⎪
⎪⎡
⎪ ⎢∑ s − λ ⎥ ⎨⎩ Gb ⎬⎭ ⎪
i ⎥⎦
⎭
⎩ ⎢⎣i =1

(4.31)

or,

The position response is described by:
⎧ Pf (ω )⎫ ⎡ 4 n ri liT ⎤ ⎧G f (ω )⎫
⎥⎨
⎨
⎬ = ⎢∑
⎬
⎩ Pb (ω ) ⎭ ⎢⎣i =1 jω − λ i ⎥⎦ ⎩ Gb (ω ) ⎭

(4.32)

Recalling the definition of the dFRM:
⎧ Pf (ω )⎫ ⎡ H gp (ω ) H gp
$ (ω )⎤ ⎧G f (ω )⎫
⎨
⎬ = ⎢ H (ω ) H (ω )⎥ ⎨
⎬
$$
gp
⎥⎦ ⎩ Gb (ω ) ⎭
⎩ Pb (ω ) ⎭ ⎢⎣ gp$

(4.33)

it is shown that there are 4n contributions to each dFRF over the two-sided frequency
range; 2n natural modes exist. Associated with each mode are two eigensolutions which
contribute to the dFRF and which are redundant descriptions of the same physical mode.
Normal dFRF Hgp relates the forward response to the forward excitation and Hgp
$$
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relates the backward response to the backward excitation. Normal dFRFs relating
excitation and response at station 1 for the isotropic rigid rotor considered previously and
described in Appendix A are shown in Figure 4.5:

Figure 4.5: Magnitude of Normal dFRFs of Isotropic Rigid Rotor at Station 1

Since the rotor is isotropic the reverse dFRFs are zero[8] ( H gipj
= H gipj$ ≡ 0; i, j = 1,2 ). See
$
reference [8] for the rigorous definition of an isotropic system.
The forward pitch mode, which increases in frequency by gyroscopic stiffening,
appears only in H g1 p1 ; the backward pitch mode does not contribute to this dFRF. The
backward pitch mode, the frequency of which is decreased by the gyroscopic effect,
appears only in H g$ 1 p$ 1 ; the forward pitch mode does not contribute to this dFRF.
Forward and backward bounce modes exist at the same frequency near 20 Hz and
contribute to their respective dFRFs.
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For comparison, the driving point Y-direction FRF at station 1 ( HY 1Y 1 ) as obtained
from real analysis is shown in Figure 4.6. The forward and backward modes all
contribute to the FRF and are not distinguished from each other.

Figure 4.6: Magnitude of Y-Direction Driving Point Real FRF of Isotropic
Rigid Rotor at Station 1

Now consider the case when the support system is anisotropic as described in
Appendix A. Reverse dFRFs are nonzero, and elements of residue matrices
corresponding to forward (backward) modes are nonzero so that they contribute to H g$ 1 p$ 1
( Hg1 p1 ) and appear as local maxima in Figure 4.7.
The magnitude of the reverse dFRFs is shown in Figure 4.8. The reverse dFRFs
are not identical; in this example they have the same magnitude but opposite phase. Only
magnitude plots have been included here since they sufficiently illustrate the important
concepts.
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The magnitude of the forward and backward normal dFRFs and the forward and
backward reverse dFRFs are all equal at the bounce mode frequencies, although Figures
4.7 and 4.8 do not reflect this due to innacuracy at the peaks of the curves (which follows

Figure 4.7: Magnitude of Normal dFRFs of Anisotropic Rigid Rotor at
Station 1

Figure 4.8: Magnitude of Reverse dFRFs of Anisotropic Rigid Rotor at
Station 1
from limited frequency resolution in the calculation). The fact that magnitudes of the
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forward normal and reverse dFRFs are equal at the bounce mode frequencies indicates
that the mode is such that the rotor moves along a line (see Figure 4.3) as expected from
Equation (4.21) with Pf = Pb and from the real form of the governing equations.

4.8 Results / Conclusions

It was shown in this chapter that planar excitation, as well as planar motion, can
be represented as the sum of counter-rotating vectors using a complex variable
representation. Directional frequency response functions (dFRFs) which implicitly
include directionality were defined to relate these components.
The method of formulating the natural mode as the sum of forward rotating and
backward rotating sub-modes is proposed. A definition to classify forward and backward
natural modes was proposed in conjunction with this definition of the sub-modes. It was
shown that the dFRFs for general rotors may be obtained by modal superposition of these
modes in a manner consistent with conventional modal analysis of non-rotating systems.
Because these dFRFs contain the directional response characteristics, they are very useful
in practical applications such as modal identification and diagnostics.
With the natural mode defined here, dynamic analysis of rotating systems can be
conducted in essentially the same way as in modal analysis of non-rotating systems. In
fact, it is realized that vibration of the non-rotating system can be treated as a special case
of the rotating system.
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CHAPER 5: EXPERIMENTAL MODAL ANALYSIS AND THEORETICAL
VALIDATION
5.1 Chapter Abstract

Impact testing is shown to be a practical method of verifying the speed-dependent
dynamic characteristics of a rotating system, and it could also be applied to assess
changes in a rotating machine’s condition without interfering with scheduled operation.
A pendulum-mounted multi-axis force sensor is used as an impact device to enable
measurement of the tangential force component induced by friction. Complex modal
analysis is applied to clearly distinguish forward and backward modes and separate them
in the frequency domain. The fact that mixed whirl of a rigid rotor on anisotropic
supports can be excited by rotating mass imbalance is demonstrated. Analytical
developments are verified with experimental data obtained from a simply supported rigid
rotor test rig with significant gyroscopic effects.

5.2 Introduction

This chapter establishes the fact that impact testing of a rotating shaft using a
multi-axis force sensor is a reasonable approach to acquiring data for the application of
complex modal analysis. To accomplish this, an overview of complex modal analysis is
first presented.
Other researchers have presented work on modal analysis of spinning rotors.
Nordmann[1] was among the first to look at modal analysis of non-self-adjoint rotating
systems. Muszynska[3] reported perturbation devices capable of independent forward
and backward excitation. Rogers and Ewins[19] pointed out some of the practical issues
associated with testing spinning rotors and conducted testing with a dynamic exciter
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attached to the shaft through a stinger riding on the fixed race of a bearing. Blough, et.
al.,[20-22] have done extensive work on signal processing related to rotating systems and
have impacted the shaft through a low-friction stationary flap.
Lee, et. al., [8-16] have developed complex modal analysis theory and testing.
They have demonstrated the method primarily on magnetically levitated rotors. The
stator of a magnetic bearing provides a convenient noncontact excitation source which is
necessarily well-controlled. Ehrich[2] has discussed the representation of general
elliptical motion by rotating complex vectors. Bently, et. al., [4-7] have applied these
concepts to monitoring response components in machinery diagnostics.
This chapter explains an interpretation of complex modal analysis which is based
upon representing excitations and responses as the sum of rotating components. Initial
experimental verification of the approach is included. Chapter 3 introduced the concept
for free vibration and a detailed development of the method for forced vibration was
provided in Chapter 4.

5.3 Conceptual Overview of Complex Modal Analysis

A brief overview of complex modal analysis is made as necessary. For further
details on complex modal analysis of rotors, see the bibliography. The geometry of a
simple rotor is shown in Figure 5.1:
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Figure 5.1: Rigid Rotor Geometry, Supports and Coordinate System

The relationship between the planar excitations and responses of a rotor as described by
real variables in the frequency domain is:
⎧Y (ω ) ⎫ ⎡ HYY (ω ) HYZ (ω ) ⎤ ⎧ FY (ω ) ⎫
⎨
⎬=⎢
⎬
⎥⎨
⎩ Z (ω )⎭ ⎣ H ZY (ω ) H ZZ (ω )⎦ ⎩ FZ (ω )⎭

(5.1)

Unlike non-rotating structures, H ZY (ω ) ≠ HYZ (ω ) due to the unique dynamics of rotating
machines.
In complex modal analysis response and excitation are described by complex
variables p(t) and g(t), respectively, where:

p( t ) = y( t ) + jz( t )
g( t ) = fY ( t ) + jf Z ( t )

(5.2)

The single complex variables p(t) and g(t) represent two-dimensional displacement and
force vectors which are in motion.
Using the complex Fourier series representations of real signals in Equation (5.2)
and grouping e + jω k t and e − jω k t terms as illustrated in Figure 5.2, it is realized that two
vectors (in fact, any vectors) in planar motion can be considered to be composed of
forward rotating and backward rotating components.
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Figure 5.2: Decomposition of Response Into Rotating Components

The same decomposition applies to the excitation g(t). Now one can relate the forward
and backward rotating components of the displacement (response) and the force
(excitation) at each frequency. The continuous description of this relationship is:
⎧ Pf (ω )⎫ ⎡ H gp (ω ) H gp
$ (ω )⎤ ⎧G f (ω )⎫
⎨
⎬ = ⎢ H (ω ) H (ω )⎥ ⎨
⎬
$$
gp
⎥⎦ ⎩ Gb (ω ) ⎭
⎩ Pb (ω ) ⎭ ⎢⎣ gp$

(5.3)

Elements of this frequency response matrix are referred to as “directional frequency
response functions” (dFRFs) because they implicitly include directionality. Partitions
H gp and H gp
$ $ relate excitations and responses of the same direction and are called “normal

dFRFs”; the partitions H gp
$ and H gp$ relate excitations and responses in opposite directions
and are called “reverse” dFRFs. Figure 5.3 illustrates this concept in the frequency
domain:
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Figure 5.3: Frequency Domain Illustration of dFRF Matrix

Lee[8-16] has pioneered the development of complex modal analysis. Here, a physicallybased derivation of the approach was used in which the dFRFs are viewed not to relate
the complex signals p(t) and g(t) but their rotating components which are derived from
real measurable signals.

5.4 Complex Analysis of Rigid Rotor

For illustration, complex modal analysis is applied to the simply supported rigid
rotor (the model and equations can be found in Appendix A). The frequency response
relation from the real description becomes:
⎧ Y1 (ω ) ⎫ ⎡ HY1Y1 (ω ) HY1Y 2 (ω ) HY1Z1 (ω ) HY1Z 2 (ω ) ⎤ ⎧ FY1 (ω ) ⎫
⎥⎪
⎪Y ω ⎪ ⎢H
⎪
⎪ 2 ( ) ⎪ ⎢ Y 2Y1 (ω ) HY 2Y 2 (ω ) HY 2 Z1 (ω ) HY 2 Z 2 (ω ) ⎥ ⎪ FY 2 (ω ) ⎪
=
⎨
⎨
⎬
⎬
⎪ Z1 (ω ) ⎪ ⎢⎢ H Z1Y1 (ω ) H Z1Y 2 (ω ) H Z1Z1 (ω ) H Z1Z 2 (ω ) ⎥⎥ ⎪ FZ1 (ω ) ⎪
⎪⎩ Z2 (ω )⎪⎭ ⎣ H Z 2Y1 (ω ) H Z 2Y 2 (ω ) H Z 2 Z1 (ω ) H Z 2 Z 2 (ω )⎦ ⎪⎩ FZ 2 (ω )⎪⎭

(5.4)

First consider an isotropic rotor system. The rotor considered is steel with a bearing span
of 203 mm, shaft diameter of 10 mm, and support parameters
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of K ZZi = KYYi = 7 N mm and CZZi = CYYi = 4.4e − 4 N⋅sec mm ; i = 1,2 A disk of 25.4 mm axial
length, 76.2 mm diameter, and 0.8 kilograms is located at midspan. At 500 rpm, the
driving point Y-direction dynamic compliance FRF at station 1( HY 1Y 1 ) of this isotropic
rotor is shown in Figure 5.4:

Figure 5.4: Magnitude of Y-direction Driving Point FRF at Station 1 (HY1Y1)

The peak near 20 Hz is due to the bounce mode; the peaks near 65 Hz are due to forward
and backward pitch modes which are separated at speed by gyroscopic effects.
The complex dFRF matrix (dFRM) for this model is:
⎧ Pf 1 (ω ) ⎫ ⎡ H g1 p1 (ω ) H g 2 p1 (ω ) H g$ 1 p1 (ω ) H g$ 2 p1 (ω ) ⎤ ⎧ G f 1 (ω ) ⎫
⎥⎪
⎪P ω ⎪ ⎢ H
⎪
⎪ f 2 ( )⎪ ⎢ g1 p2 (ω ) H g 2 p2 (ω ) H g$ 1 p2 (ω ) H g$ 2 p2 (ω )⎥ ⎪G f 2 (ω )⎪
⎨
⎬ = ⎢H
ω H g 2 p$ 1 (ω ) H g$ 1 p$ 1 (ω ) H g$ 2 p$ 1 (ω ) ⎥ ⎨⎪ Gb1 (ω ) ⎬⎪
⎪ Pb1 (ω ) ⎪ ⎢ g1 p$ 1 ( )
⎥
⎪⎩ Pb 2 (ω ) ⎪⎭ ⎢ H g1 p$ 2 (ω ) H g 2 p$ 2 (ω ) H g$ 1 p$ 2 (ω ) H g$ 2 p$ 2 (ω )⎥ ⎪⎩ Gb 2 (ω ) ⎪⎭
⎣
⎦

(5.5)

Normal dFRFs H g1 p1 (forward) and H g$ 1 p$ 1 (backward) at station 1 are shown in Figure 5.5:

76

Figure 5.5: Magnitude of Normal dFRFs of Isotropic Rotor at Station 1

Since the rotor is isotropic the reverse dFRFs are zero ( Hgipj
= Hgipj
$
$ ≡ 0; i, j = 1,2 ),

therefore they are not shown. For a rigorous discussion of shaft anisotropy see reference
[8].
The forward pitch mode, which is elevated in frequency by gyroscopic stiffening,
appears only in H g1 p1 ; the backward pitch mode does not contribute to this dFRF.
Similarly, the backward pitch mode, the frequency of which is decreased by the
gyroscopic effect, appears in H g$ 1 p$ 1 ; the forward pitch mode does not contribute to this
dFRF. Forward and backward bounce modes exist at the same frequency near 20 Hz and
contribute to their respective dFRFs.
Now assume that the support system becomes anisotropic:
K ZZi = 0.9 K YYi = 6.3 N mm ; i = 1,2 . Because of the system anisotropy, now reverse dFRFs in

Equation (5.3) become nonzero. Figure 5.6 shows the normal dFRFs and Figure 5.7
shows the reverse dFRFs (reverse dFRFs have same magnitude but opposite phase; phase
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plots have been omitted since the important concepts are sufficiently illustrated with
magnitude plots) at station 1.

Figure 5.6: Magnitude of Normal dFRFs of Anisotropic Rotor at Station 1

Figure 5.7: Magnitude of Reverse dFRFs of Anisotropic Rotor at Station 1

Now consider the case when the rotor is excited synchronously by a concentrated
mass imbalance at station 1. Then, G f 2 = Gb1 = Gb 2 ≡ 0 , and response is described by
the first column of the dFRM. The ratio of forward to backward response at station 1 is
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defined by the ratio of Hg1 p1 to Hg1 p$1 ; the ratio of forward to backward response at
station 2 is defined by the ratio of Hg1 p2 to Hg1 p$ 2 . If the magnitude of this ratio for a
particular station is >1, the whirl orbit is an ellipse rotating forward; if the value is 1 the
orbit is a line, and if the value is <1 the orbit is an ellipse rotating backward. Figure 5.8
shows the value of these ratios for the synchronous response, where the dFRM has been
recalculated at each shaft speed:

Figure 5.8: Station Response Ratio Magnitude (Anisotropic Rotor)

In two frequency ranges near 50 Hz (3000 rpm), the rotor’s whirl response is mixed with
station 1 undergoing backward whirl and station 2 undergoing forward whirl. These
frequency ranges increase with the level of stiffness anisotropy.

5.5 dFRF Estimation By Impact Testing

Consider a single station rotor for simplicity. Impacting the spinning rotor results
in a tangential excitation component as well as the normal component. If both
components of the impact force are measured, these forces can be transformed into

79

forward and backward components in the frequency domain according to the procedure
illustrated in Figure 5.2. For the calculation, the tangential forces are projected to the
center of the rotor so that the effect of the torsional moment is ignored. At each
frequency, the forward displacement due to the input force becomes:

[G

f

⎧ H gp ⎫
Gb ⎨
⎬ = Pf i ; i = 1,2,3,..., N avg
i H
$ ⎭
⎩ gp

]

[ ]

(5.6)

where Navg is the number of measurements, which should be equal to or larger than the
number of the frequency response functions to be determined. In the case of the single
station rotor, it has to be at least 2. In practice, the equation may be over-determined by
using more measurement sets than the minimum necessary to improve the accuracy of the
test as follows:
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Or,
⎧ Hgp ⎫

[ G] Navg x 2 ⎨ H ⎬
⎩

$ ⎭
gp
2 x1

{ }N

= Pf

avg x1

(5.8)

Estimates of dFRFs are obtained in a least squares sense using the pseudoinverse of [G]:
⎧ Hgp ⎫
+
⎨ H ⎬ ≅ [ G] 2 xNavg Pf
$ ⎭
⎩ gp
2 x1

{ }N

avg x1

(5.9)

In order for the pseudoinverse to be numerically well-conditioned, at least as many
independent measurements as frequency response functions to be determined must be
used. This translates to a requirement that each impact orientation must be unique.
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The dFRFs in the second row of Equation (5.3) are estimated similarly using the
measured backward response components:
⎧ Hgp$ ⎫
+
⎨ H ⎬ ≅ [ G] 2 xNavg {Pb } N x1
avg
$$ ⎭
⎩ gp
2 x1

(5.10)

Special Case: Excitation by Frictionless Impact

This case is represented by excitation made with a noncontact method or when the
tangential component is negligible. Referring back to Equation (5.3), the response of the
single station rotor is given by:
⎧ Pf ⎫ ⎡ Hgp
⎨ ⎬ = ⎢H
⎩ Pb ⎭ ⎣ gp$

Hgp
$ ⎤ ⎧G f ⎫
⎥⎨ ⎬
Hgp
$ $ ⎦ ⎩ Gb ⎭

(5.11)

Two successive impact tests are conducted with the impact in different orientations, once
in Y and then once in Z in this example.
Test I : (Y direction impact) fy ( t ) ≠ 0, fz ( t ) = 0
so that:

G f (ω k ) = Fy (ω k ), Gb (ω k ) = Fy (ω k )

(5.12)

Data from Test I satisfy the first row of Equation (5.11):

[ Pf ]I = Hgp [G f ]I + Hgp$ [Gb ]I = ( Hgp + Hgp$ )[ Fy ]I

(5.13)

Test II : (Z direction impact) fy ( t ) = 0, fz ( t ) ≠ 0
so that:

G f (ω k ) = jFz (ω k ), Gb (ω k ) = − jFz (ω k )

(5.14)

Data from Test II also satisfy the first row of Equation (5.11):

[ Pf ]II = Hgp [G f ]II + Hgp$ [Gb ]II = ( Hgp − Hgp$ ) j[ Fz ]II

(5.15)

Data from these two successive tests is used to estimate the dFRFs. Adding Equations
(5.13) and (5.15), after division by the appropriate force coefficient, leads to:
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(5.17)

Subtracting Equations (5.13) and (5.15), after division by the appropriate force
coefficient, leads to:
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2Hgp
$ =
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= 2 H gp
$

[ Pf ]I − [ Pf ]II
[ Fy ]I j[ Fz ]II

(5.18)

(5.19)

A similar process results in the backward normal and reverse dFRFs in the second row of
Equation (5.11). Averaging of the estimates from these tests may be done if multiple
measurements are made in each direction. A least square procedure may also be applied
if testing is conducted in more than two directions. From Equation (5.19), it is obvious
that the reverse dFRFs will become zero if the system is isotropic.

5.6 Experimental Verification

A simple experimental verification example was conducted to establish the
validity of the previous development. The test article was the isotropic rotor modeled
above and described in Appendix A. It was supported by rolling element bearings which
were suspended from a rigid frame by springs in the Y and Z coordinate directions. It was
driven by a variable speed DC motor through a flexible coupling. Responses were
measured with a standard orthogonal pair of eddy-current probes as used in industrial
machinery monitoring applications. A triaxial force sensor was fitted with an impact cap
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to become a triaxial impact hammer; two of the available three channels were used to
record the normal and tangential components of excitation. Controlling the direction of
shaft impacts is key to acquiring useable data; a simple pendulum was used to do this
with improved repeatability. Impacts were performed in each of two directions (i.e., the
Y and Z coordinates) and in order to improve estimation accuracy five measurements

were made in each direction.
Figures 5.9 through 5.12 present the magnitude of the linear spectra recorded for a
typical measurement made with a Y-direction impact while the rotor was spinning from Y
toward Z at 500 rpm (8.33 Hz). Figure 5.9 shows the linear spectra of the recorded
excitations in the Y and Z directions.

Figure 5.9: Magnitude of Linear Spectra of Excitation
Measured at Station 1

In this case, the force in the Y direction is the “normal” component of the impact and the
force in the Z direction is the “tangential” component. As expected, the magnitude of the
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tangential component is less than that of the normal component with the scale factor
being roughly the value of the coefficient of friction.
Figure 5.10 shows the forward and backward spectral components of the
excitation as calculated from the concept illustrated in Figure 5.2. Under ideal conditions
the impact force would be measured as one with a certain fixed line of action, resulting in
forward and backward components of the same magnitude.

Figure 5.10: Magnitude of Directional Linear Spectra of
Excitation at Station 1

Figure 5.11 shows the linear spectra of the recorded responses in the Y and Z
directions as measured by the proximity probes. The peaks at 8.33 Hz are due to the
synchronous imbalance response; no effort was made to filter the input signals.
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Figure 5.11: Magnitude of Linear Spectra of Response
Measured at Station 1

Figure 5.12 shows the forward and backward spectral components of the
response. The backward response is noticeably cleaner than the forward response. This
is explained by the fact that the rotor rig was very nearly isotropic: from concepts
developed in Chapter 4, the isotropic rotor will have no backward response due to
forward excitations

Figure 5.12: Magnitude of Directional Linear Spectra of
Response at Station 1
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(e.g., mass imbalance and harmonics due to ball bearings, etc.). Thus, all system noise
due to rotor spin is in the forward direction and should appear only on forward response
measurements as demonstrated in the figure.
Based upon the results of all ten measurements, Figure 5.13 shows the estimated
normal dFRFs at station 1 which were calculated with the pseudoinverse approach
described above. They correspond to the analytical dFRFs previously shown in Figure
5.5:

Figure 5.13: Magnitude of Estimated Normal dFRFs at Station 1

Several comments are in order relating to these measurements. Since no attempt was
made to filter out the mass imbalance response which was not considered in the analytical
model that led to Figure 5.5, a small peak appears in the forward normal dFRF and a
much smaller peak in the reverse normal dFRF at the synchronous frequency (8.33 Hz)
and at harmonics. Comparing Figures 5.5 and 5.13, it was shown that very good
qualitative agreement is achieved.
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5.7 Results / Conclusions
The dFRF as used in complex modal analysis in relation to signals measured in
conventional modal testing was explained. Impact testing of spinning rotors with a multiaxis force sensor appears to have promise as a method to acquire data for complex modal
analysis which does not require the well-controlled, noncontact excitation found in
magnetically suspended systems.
Issues associated with modal analysis of rotating systems are divided into two
classes:
•

those associated with the approach to complex modal analysis presented in this work

•

generic difficulties associated with impact modal testing of rotor systems: how to
generate excitation, proper signal processing and test methods, filtering of imbalance
response, effects of shaft runout, hydrodynamic bearing nonlinearities, etc.

The main intent of this chapter was to explain the laws of complex modal analysis and
show its practical implementation in the context of impact testing. Difficulties which
exist in real modal analysis will have parallel difficulties in complex modal analysis, and
these were not the objective of this work.
Complex dFRFs of anisotropic systems were explained based upon the
understanding of the complex natural mode given in Chapter 3. Also, a modal expansion
theorem analogous to classical modal analysis was presented in Chapter 4.
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CHAPTER 6: SUMMARY AND RECOMMENDED EXTENSIONS
6.1 Summary and Conclusions

The fundamental work presented herein provides a unique way to look at rotor
dynamics problems. The approach offers significant benefits in understanding the
dynamic behavior of rotor systems as compared to conventional analysis using real
variables. Simple models were used in order to present the concepts clearly; the method
is readily extended to more complicated geometries with a simple matrix transformation.
Actually, analysis of higher order sets of equations, such as those formulated with finite
elements, more clearly demonstrates the power of the method but at the expense of basic
understanding. In keeping with the fundamental nature, a simple experimental rotor rig
and testing approach was used to conceptually verify the method.
Basic theory for free vibration analysis of general anisotropic rotor systems by the
complex description has been presented. Interpretation of the complex representation of
planar motion, formulation of the equation of motion, solution of the free vibration
equation, natural frequencies and complex natural modes were explained in a logical
progression. Most importantly, it was proposed that complex natural modes should be
expressed using two sub-components: a forward rotating component and a backward
rotating component. It was shown that assuming such a form is the only way to satisfy
the general complex free vibration equation. The resulting complex mode description
carries not only frequency and amplitude information but also directivity.
One benefit of the concept of complex modes is clear definition of forward and
backward modes enabled by the physical interpretation of the homogeneous solution, the
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complex modal vector and natural frequency. Using an anisotropic rotor system model it
was shown that the forward (backward) mode can be defined as that mode whose forward
(backward) sub-mode is stronger than its backward (forward) sub-mode. It was shown
that physically, the forward (backward) mode represents an elliptic whirl motion rotating
forward (backward).
It was shown that general plane excitations can also be represented as the sum of
counter-rotating vectors using complex variables. Directional frequency response
functions (dFRFs) were defined to relate the independent rotating components of
excitation and response. It was shown that dFRFs for general rotors may be obtained by
modal superposition in a manner consistent with conventional modal analysis of nonrotating systems; in fact, vibration of the non-rotating system can be considered a special
case of the rotating system. Because dFRFs contain directional response characteristics
they are very useful in practical applications such as modal identification and machinery
diagnostics of rotating equipment.
Tracing the rotating components of dFRFs back to the real signals measured in
conventional modal testing was explained. A simple but effective method of
experimental identification for complex modes of rotors was explained, again by
considering the physical meanings of directional modes and excitations. Ideally a noncontact force would be preferred for excitation because it does not introduce an unwanted
circumferential input in the identification method. However, impact testing of spinning
rotors using a multi-axis force sensor was shown to be a useful method for acquiring data
for complex modal analysis which does not require the well-controlled, noncontact
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excitation found in magnetically suspended laboratory systems. It can be directly
applied to rotors currently operating in the field.
Issues associated with experimental modal analysis of rotating systems may be
divided into two classes: those associated with the approach to complex modal analysis
presented in this work and those generic difficulties associated with impact testing of
rotor systems. The main objective in this work was to develop and explain complex
modal analysis and show its practical implementation in the context of impact testing.
Difficulties which exist in real modal analysis, for example the repeated roots issue, will
have parallel difficulties in complex modal analysis, and these were not the focus.
It is believed that the definition of complex modes and the complex formulation
method proposed in this work enable all existing techniques and procedures in classical
modal analysis theory to be utilized for rotor analysis. For example, experimental
analysis for mode identification and forced vibration analysis by the modal superposition
theory can be implemented in the complex description for general rotor systems exactly
the same way as has been done in the real analysis of non-rotating structures.
This work was based upon and motivated by the complex modal analysis theory
that has been pioneered by Lee and his collaborators and cited extensively herein.
However, it offers a significant advancement to this theory and a comparison between the
two should be presented. First, Lee’s dFRF matrix was derived by transforming the
frequency response matrix relating real system responses and excitations; it was not
derived from physical relationship between complex excitation and response. It appears
that he interprets this matrix as relating the complex excitation and its conjugate to the
complex response and its conjugate. An implication is that any nonzero excitation also
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has a nonzero conjugate so that the system must be considered to have two inputs. The
approach presented herein, developed from fundamental input / output relationships,
relates components of complex excitation and response. This is significant for several
reasons, one of which is that rotating mass imbalance and other excitations which are
multiples of the synchronous speed are a single input. That is, the most common forms
of excitation are purely in the forward direction; they have no backward components.
Also of fundamental significance is that this work offers the definition of the complex
natural mode for anisotropic rotor systems, which is the foundation of the general modal
superposition theory and the major contribution of this work.
6.2 Recommendations for Future Work

This work has laid a foundation for basic understanding of complex modal
analysis, its application, and its benefits. Necessary future efforts to continue the
development have also been identified. They are:
•

Extension of the theory to the analysis of asymmetric rotors (i.e., those which are not
axisymmetric). This problem is typically formulated in a rotating (rotor-fixed)
coordinate system to avoid periodic terms in the system matrices and is of interest in
the detection of cracked shafts and the analysis of certain high speed electrical
machinery such as compulsators and some switched reluctance motor designs.

•

Application of the theory to real rotor systems for analysis, particularly on-line
monitoring and control problems. Two items are mentioned in particular. First, clear
understanding of distinctions between forward and backward modes as well as the
physical understanding gained through the approach may lead to tailoring of active
magnetic bearings to independently consider these modes and the control laws which
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control their stability characteristics. Second is the observation that for the typical
isotropic or weakly anisotropic system, mass imbalance excitation and its harmonics
generate only forward responses. An impact or controlled excitation which occurs
along a fixed line of action contains broadband forward and backward components of
equal magnitude. The measured response of the rotor to such a perturbation will
contain forward responses due to the ambient forward rotating excitations as well as
the perturbation response; the backward response will be due to the perturbation
response only so that it would theoretically be free of noise due to rotation. For
monitoring changes in machinery over time, such as bearing journal wear, cracked
shafts, etc., measured backward dFRFs may be much more useful. Monitoring the
operating response over time to see that no significant backward components exist
would indicate whether or not the system remains isotropic. This is conceptually
simple, but the application would need to be practically investigated.
•

Extension of the work to include more realistic bearing models, such as hydraulic
bearings, bearings riding on squeeze film dampers and actively controlled magnetic
bearings. Since the method builds from the transformation from the real formulation
(i.e. system responses, excitations, and mass/stiffness/damping properties expressed
in a Cartesian coordinate system), this generalization would deal more with how to
treat the variation of support properties with rotor speed and other variables which
may be addressed well with lambda matrix theory[8,17]. Active magnetic bearings
offer the ability to directly specify the eight coefficients for each bearing, at least over
certain frequency ranges, so that they offer an excellent tool to study rotor dynamics.
However, the control law is more likely such that the performance is not well
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represented by these coefficients and improved methods are needed to mate the
frequency-dependent nature of their performance with the speed-dependent nature of
the rotor itself.
•

Refining experimental and on-line monitoring techniques, both in hardware and
software and algorithims related to signal processing. In particular, active magnetic
bearings offer much promise for on-line monitoring applications due to their ability to
serve as a controlled non-contact excitation mechanism and their innate need for
proximity sensors. In regards to impact testing, calibration of the triaxial impact
hammer used in this work was not exhaustive. It is felt that further experimental
development of this apparatus is justified by the quality and usefulness of the initial
measurements made here.

•

Application of the complex analysis approach to continuous systems, particularly
applying forward and backward descriptions to the rotating shell vibration problem.
A potential application of this theoretical development is the study of turbine blades
in aircraft engines which are prone to catastrophic failure due to high cycle fatigue
induced by high frequency vibration.
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APPENDIX A: RIGID ROTOR MODEL DEVELOPMENT
A.1 Development of General Rigid Rotor Equations

This section summarizes development of the rigid rotor governing equations. The
rigid rotor assumption is valid for a rotor on soft supports operating at speeds well below
those corresponding to the natural frequency of its first bending mode. This model is
typically used as the plant for at least the initial design of magnetic bearings. This
particular development follows from application of Newton’s law and is inertially
decoupled using the dynamic relationships resulting from the angular momentum
equations. Rotational speed dependent coupling exists in the damping matrix between
the Y and Z coordinates due to the gyroscopic effect. Speed-independent planar coupling
also exists in the stiffness and damping matrices.
The geometry considered is shown in Figure A.1, where the rotor can be
considerably more complex in appearance provided the conditions mentioned above are
met. If it behaves as a rigid body, it is characterized by the location of the center of
gravity as defined by a and b as well as inertial properties listed in the figure where I r is
the moment of inertia about the spin axis and It is the moment of inertia about a
transverse axis through the center of gravity. Cartesian coordinate systems 1 and 2
translate with the rotor but do not rotate.
The following results from application of Newton’s law in the X, Y, and Z
coordinate directions through the center of gravity of the rigid rotor as shown in Figure
A.1:
mx&&c = FX1 + FX 2 + FXc

(A.1)

my&&c = FY 1 + FY 2 + FYc

(A.2)
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mz&&c = FZ1 + FZ 2 + FZc

(A.3)

Z2
Zc

Φ

Y2

Z 1 cg

b
Yc

Θ

L
a

Y1
Ω
rotor properties: m , I r , I t

X

Figure A.1: Rigid Rotor Geometry and Coordinate Systems

The following equations governing the rotation of the rotor about its center of gravity
result from considering the angular momentum of the spinning shaft and applying small
angle approximations:
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which leads to:
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Also,
d
d
& − I ΩΘ = M
LZ ) =
It Φ
(
r
Z
dt
dt

which leads to:

The following geometric relations can be applied for the rigid rotor:
y1 = yc + aΦ
y2 = yc − bΦ
z1 = zc − aΘ
z2 = zc + bΘ

or,

yc = y1 − aΦ
yc = y2 + bΦ
zc = z1 + aΘ
z c = z 2 − bΘ
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(A.8)

The rotation angles which represent the rigid body rotation about the Yc and Zc axes are
given by:
Θ=

z2 − z1
L

and

Φ=

y1 − y2
L

(A.9)

Substituting relations for displacement of the center of gravity, yc , into the equations of
motion:

(

)

&& = F + F + F
m &&
y1 − aΦ
Y1
Y2
Yc

(A.10)

or,
&&
y1 =

1
1
1
&&
FY 1 + FY 2 + FYc + aΦ
m
m
m

(A.11)

With the dynamic relationship from Equation (A.7), this becomes:
&&
y1 =

(

1
a
&
FY 1 + FY 2 + FYc ) +
aFY 1 − bFY 2 + Ir ΩΘ
(
m
It

)

(A.12)

Now applying the rigid body geometric relationship from Equation (A.9) for the rotation
angle Θ results in:
&&
y1 =

aΩI r
aΩI r
1 ⎛ ma 2 ⎞
1 ⎛ mab ⎞
1
z&2 −
z&1
⎜1 +
⎟ FY 1 + ⎜1 −
⎟ FY 2 + FYc +
m⎝
It ⎠
m⎝
It ⎠
m
LIt
LIt

(A.13)

A similar process results in the remaining equations of motion for the rigid rotor:
&&
y2 =

bΩIr
bΩI r
1 ⎛ mab ⎞
1 ⎛ mb 2 ⎞
1
1
F
z&2 +
z&1
−
+
⎜
⎟ Y1
⎜1 +
⎟ FY 2 + FYc −
m⎝
It ⎠
m⎝
It ⎠
m
LIt
LIt

(A.14)

&&
z1 =

aΩI r
aΩI r
1 ⎛ ma 2 ⎞
1 ⎛ mab ⎞
1
y&1 −
y& 2
⎜1 +
⎟ FZ1 + ⎜1 −
⎟ FZ 2 + FZc +
m⎝
It ⎠
m⎝
It ⎠
m
LIt
LIt

(A.15)

&&
z2 =

b ΩI r
b ΩI r
1 ⎛ mab ⎞
1 ⎛ mb 2 ⎞
1
y&2
y&1 +
⎜1 −
⎟ FZ1 + ⎜1 +
⎟ FZ 2 + FZc −
LIt
LIt
m⎝
It ⎠
m⎝
It ⎠
m

(A.16)

Now define the following dimensionless geometric parameters:

100

α = 1+

ma 2
It

β =1+

mb 2
It

γ =1−

mab
It

(A.17)

The rigid rotor equations, with no consideration of the form of the support system
parameters, can then be expressed as:
y1 ⎫
⎧ &&
⎪
⎪&&
⎪ y2 ⎪ ΩIr
⎨ && ⎬ +
⎪ z1 ⎪ LIt
⎪⎩&&
z2 ⎪⎭

0
a − a⎤ ⎧ y&1 ⎫
⎡α
⎡0
⎪
⎪
⎢0
⎥
0 − b b ⎪ y&2 ⎪ 1 ⎢γ
⎢
⎥⎨ ⎬ = ⎢
0
0 ⎥ ⎪ z&1 ⎪ m ⎢ 0
⎢− a a
⎢
⎢
⎥
0 ⎦ ⎪⎩ z&2 ⎪⎭
⎣ b −b 0
⎣0

γ
β

0
0

0 α
0 γ

0 ⎤ ⎧ FY 1 ⎫
0 ⎥ ⎪⎪ FY 2 ⎪⎪
⎥⎨ ⎬
γ ⎥ ⎪ FZ1 ⎪
⎥
β ⎦ ⎪⎩ FZ 2 ⎪⎭

(A.18)

or,

{Y&&} + [G]{Y&} = [ P]{F}

(A.19)

where
⎧ y1 ⎫
⎪y ⎪
⎪ ⎪
{Y } = ⎨ 2 ⎬
⎪ z1 ⎪
⎪⎩ z2 ⎪⎭

and

⎧ FY 1 ⎫
⎪F ⎪
⎪ ⎪
{F} = ⎨ Y 2 ⎬
⎪ FZ1 ⎪
⎪⎩ FZ 2 ⎪⎭

(A.20)

and matrices G and P are defined to represent the gyroscopic effect and the massnormalized planar coupling, respectively. The vector F is comprised of all forces acting
at stations 1 and 2.
At this point, forces applied to the rotor at stations 1 and 2 are completely
arbitrary. If it is assumed that there is no interaction between the supports at stations 1
and 2 and that the performance of the support system is adequately represented by the
combination of a spring and damper element, the equations representing the support
system are:
⎧ FY 1 ⎫
⎡ KYY 1
⎢ 0
⎪F ⎪
⎪ Y2 ⎪
⎢
=
−
⎨ ⎬
F
⎢ K ZY 1
⎪ Z1 ⎪
⎢
⎪⎩ FZ 2 ⎪⎭
⎣ 0
bearing

0

KYY 2
0
K ZY 2

KYZ1
0
K ZZ1
0

0 ⎤ ⎧ y1 ⎫ ⎡CYY 1
0
⎥
⎢
⎪
⎪
0
KYZ 2 ⎪ y2 ⎪
CYY 2
⎥⎨ ⎬ − ⎢
0 ⎥ ⎪ z1 ⎪ ⎢CZY 1
0
⎥⎪ ⎪ ⎢
K ZZ 2 ⎦ ⎩ z2 ⎭ ⎣ 0
CZY 2
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0 ⎤ ⎧ y&1 ⎫
CYZ1
0
CYZ 2 ⎥ ⎪⎪ y&2 ⎪⎪
⎥ ⎨ ⎬ (A.21)
0 ⎥ ⎪ z&1 ⎪
CZZ1
⎥
0
CZZ 2 ⎦ ⎪⎩ z&2 ⎪⎭

or,

{F}bearing = −[ K ]{Y } − [C]{Y&}

(A.22)

Governing equations for the rigid rotor mounted on spring-damper supports then become:

{Y&&} + [G + PC]{Y&} + [ PK ]{Y} = {F}

external

(A.23)

where the external force vector represents external forces acting at stations 1 and 2.
In full form, the equations of motion become:
y1 ⎫ ⎡
0
a − a⎤
⎧ &&
⎡αCYY 1 γCYY 2 αCYZ1 γCYZ 2 ⎤ ⎤ ⎧ y&1 ⎫
⎡0
⎢
⎥
⎪&&
⎪
⎢
0 − b b ⎥ 1 ⎢ γCYY 1 βCYY 2 γCYZ1 βCYZ 2 ⎥ ⎥ ⎪⎪ y&2 ⎪⎪
⎪ y2 ⎪ ⎢ ΩIr ⎢ 0
⎥
⎢
⎥
+
⎨ && ⎬ + ⎢
⎨ ⎬+
0
0 ⎥ m ⎢αCZY 1 γCZY 2 αCZZ1 γCZZ 2 ⎥ ⎥ ⎪ z&1 ⎪
⎪ z1 ⎪ ⎢ LIt ⎢ − a a
⎥⎥
⎢
⎢
⎥
⎪⎩&&
z2 ⎪⎭ ⎢⎣
0⎦
⎣ b −b 0
⎣ γCZY 1 βCZY 2 γCZZ1 βCZZ 2 ⎦ ⎥⎦ ⎪⎩ z&2 ⎪⎭
⎡αKYY 1 γKYY 2 αKYZ1 γKYZ 2 ⎤ ⎧ y1 ⎫
⎡α γ 0 0 ⎤ ⎧ FY 1 ⎫
⎢ γK
⎥
⎪
⎪
⎢
⎥⎪ ⎪
1 ⎢ YY 1 βKYY 2 γKYZ1 βKYZ 2 ⎥ ⎪ y2 ⎪ 1 ⎢γ β 0 0 ⎥ ⎪ FY 2 ⎪
=
⎨ ⎬
⎨ ⎬
m ⎢αK ZY 1 γK ZY 2 αK ZZ1 γK ZZ 2 ⎥ ⎪ z1 ⎪ m ⎢ 0 0 α γ ⎥ ⎪ FZ1 ⎪
⎢
⎥
⎢
⎥
⎣ 0 0 γ β ⎦ ⎪⎩ FZ 2 ⎪⎭
⎣ γK ZY 1 βK ZY 2 γK ZZ1 βK ZZ 2 ⎦ ⎪⎩ z2 ⎪⎭

(A.24)

And the physical rotor model is as shown in Figure A.2 on the following page:

K ZZ2

C ZZ2

K YY2

C YY2

cg

C ZZ1

K ZZ1

YZ coupling considered
but not shown
K YY1

Ω

C YY1

X

Figure

A.2: Rigid Rotor Geometry and Supports
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Equations A.24 are appropriate for a rigid rotor of any geometry on springdamper supports. The coordinate systems translate with their respective stations but do
not rotate.

A.2 Simplification of Rigid Rotor Equations to 2 DOF Gyroscopic Motion
Equation

The motion considered above is simplified in this section to the pitch motion
shown in Figure A.3. Motion is circular at each end with a typical side view as shown in
the top of the figure. If the rotor behaves as a rigid body, it is characterized by the
inertial properties listed in the figure, where Ir is the moment of inertia about the spin
axis, It is the moment of inertia about a transverse axis through the center of gravity, L is
the bearing span, and m is the rotor mass.

Y

Station 1

Ir , It , L, m

Station 2

X

Ky

Ky

Y

Ω

Kz

Z

End View
(station 1)

Ky

Figure A.3: Rigid Rotor Geometry and Pitch Motion

The simplified coordinate system is defined in Figure A.4:
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Z2
station 2

Y2
Z1

b
L
a

station 1

Y1
Ω

rotor properties: m, Ir , It , a, b, L

X
Figure A.4: Simplified Rigid Rotor Coordinate System

Support conditions are assumed to be represented by a spring and damper at each
rotor station. With these assumptions the governing equations for the rigid rotor can be
expressed as Equations A.24. A modification of the homogeneous rigid rotor equations
is of interest which is derived by examining conditions corresponding to the
antisymmetric (“pitch”) modes of the symmetric rigid rotor:
y1 = − y2

and

z1 = − z2

(A.25)

Symmetry requirements which are imposed on the support system are such that the
bearings at either end of the shaft behave identically and the symmetry requirement on
the shaft is that the center of mass be at midspan ( a = b = L 2 ) which leads to:

α=β

(A.26)

For the pitch modes the undamped homogeneous equations of motion reduce to:
y1 ⎫ ΩIr
⎧ &&
⎨&& ⎬ +
⎩ z1 ⎭ It

⎡ 0 1 ⎤ ⎧ y&1 ⎫ α − γ ⎡ KYY
⎢−1 0 ⎥ ⎨ z& ⎬ + m ⎢ 0
⎣
⎦⎩ 1 ⎭
⎣
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0 ⎤ ⎧ y1 ⎫ ⎧0 ⎫
⎨ ⎬=⎨ ⎬
K ZZ ⎥⎦ ⎩ z1 ⎭ ⎩0 ⎭

(A.27)

The following parameters are defined:
ΩI
K − K ZZ
⎛ α − γ ⎞ KYY + K ZZ 2 k
k =⎜
; λ = ; Δ = YY
; Ωp = r
⎟
⎝ m ⎠
m
It
KYY + K ZZ
2

(A.28)

The parameter Δ defines the level of support anisotropy and Ω p defines the level of the
gyroscopic effect. The nondimensional equations for pitch motion then become:
Ω p ⎤ ⎧ y&1 ⎫ ⎡1 + Δ
0 ⎤ ⎧ y1 ⎫ ⎧0 ⎫
+⎢
⎨
⎬
⎨ ⎬=⎨ ⎬
⎥
0 ⎦ ⎩ z&1 ⎭ ⎣ 0
1 − Δ ⎥⎦ ⎩ z1 ⎭ ⎩0 ⎭

y1 ⎫ ⎡ 0
⎧ &&
⎨&& ⎬ + ⎢− Ω
⎩ z1 ⎭ ⎣ p

(A.29)

where the dimensionless time parameter τ = λt is used and the dot notation[1] now
denotes differentiation with respect to the parameter τ.
The particular parameters of the rigid rotor used in this work are:
a = 4 inch (101.6 mm)
b = 4 inch (101.6 mm)
L = 8 inch (203.2 mm)
2
m = 5.270e − 3 lbf ⋅ sec

inch (0.924 Kg)
Ir = 51
. e − 3 lbf ⋅ sec ⋅ inch (5.77e2 Kg ⋅ mm 2 )
It = 6.7e − 3 lbf ⋅ sec 2 ⋅ inch ( 7.58e2 Kg ⋅ mm 2 )
Ω = 500 rpm (52.36 rad sec)
2

The support system damping parameters are:
CYYi = CZZi = 2.5e − 3

lbf ⋅sec

in ( 4.4e

CYZi = CZYi = 0

lbf ⋅sec

in ( 0

− 4 N ⋅sec mm )

N ⋅sec

mm )

; i = 1,2

The isotropic rotor support system stiffness parameters are:
KYYi = K ZZi = 40.0

lbf

in ( 7.00

KYZi = K ZYi = 0

lbf

in ( 0

N

N

mm )

mm )

; i = 1,2

The anisotropic rotor support system stiffness parameters are:
K YYi = 40.0

lbf

in ( 7.00

N

mm )

K ZZi = 36.0 in
mm ) ; i = 1,2
N
lbf
K YZi = K ZYi = 0 in ( 0 mm )
lbf

(6.30 N

Further analytical developments based upon the rigid rotor model are available[2,3].
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